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Preface

To illustrate the statistical functions and techniques within Excel we have
used examples drawn for the world of research. We chose to do this be-
cause we believe this will clearly demonstrate some of the facilities within
this spreadsheet. However, the statistical power of Excel will allow read-
ers to use this software in a variety of ways, far beyond that of research.

Statistics is both a science and an art. It is a science in that it is a body of
knowledge which is built on a series of well established rules of applied
mathematics. Rigorous statistical analysis is required for quantitative re-
search. There is no argument about how statistical calculations or tech-
niques are to be performed and if the rules are not followed then incor-
rect answers will most probably be produced. However statistics is also
an art that requires a considerable amount of judgement on the part of a
practitioner. Judgements and decisions have to be made that relate to
deciding how a research question should be designed and the role of
data and statistics in answering it. There are issues relating to which sta-
tistical technique to use, what level of significance to work at, and how
the results can be interpreted.

What is also problematic in statistics, which is why it should be regarded
as an art, is that there may be disagreements among practitioners about
the meaning on these judgements and what answers could be given. It is
indeed common to find different researchers taking quite different posi-
tions concerning which statistical technique is best to use. Not to mention
the fact that the same statistical results can be understood differently.
Excel, with its built in statistical functions is a good tool to use to become
familiar with statistics. There are many statistical functions in Excel but
this book only addresses the functions required to perform the tasks
most often required by researchers. Advanced functions are not used. It
is also important to say that Excel has limitations as a statistical package
and experienced researchers may well need to use a dedicated statistics
package as well as Excel.

This book is not intended to cover all the possible statistical procedures
or techniques that can be performed within Excel. The intention is that it
will be an introduction to statistics which will facilitate readers to acquire
the knowledge to understand the basics and to progress further if he or
she so wishes. Furthermore for those who wish to use Excel in more ad-
vanced ways there is a list of add-in products in the Appendix.



How to use this book

This book starts with the assumption that little is known about statistics;
however it does assume that the reader has some knowledge of Excel.

This book has been written as a tutorial and as such the techniques of
statistics are illustrated through many examples. The mathematical equa-
tions required for statistical concepts such as the mean and the standard
deviation have not been provided as these are easily performed with
functions in Excel.

It is hoped that readers will follow the examples by using the techniques
and for this reason the data referred to in the book is available to the
reader by downloading files from the web.

For beginners to statistics it is preferable to start reading at the begin-
ning i.e. Part 1 and proceed slowly through the book. For those who have
a knowledge of statistics the book may be started at Part 2 or at Part 3.

A glossary has been provided at the start of each Part which covers the
statistical terms used in that section of the book.

Self tests, assignments and exercises are provided and worked solutions
to these are available on request.

Three types of files are available for use with this book. These are ob-
tainable at the following website http://www.academic-
publishing.org/intro_excel.htm. The first set of files contains data for the
worked examples in the book. The second sets of files are Excel files
which can be used as templates. The third set of files contains data
which is used in the exercises at the end of each part.

Acknowledgements

We would like to acknowledge the contribution of many colleagues and
students over the years who have all made a contribution to our under-
standing of the body of knowledge we call statistics.


http://www.academic-publishing.org/intro_excel.htm�
http://www.academic-publishing.org/intro_excel.htm�

Table of Contents

[ 1= = Lo PP i
How to use this DOOK......ccuiiiiiiii e ii
ACKNOWIEAgEMENES .. cvviiiiiiiiire e ii
Table of ConNteNtS ..vuivviiiii iii
2= o PP 1
Descriptive statistics, Processing a Short Questionnaire and
Understanding the Data..........cceviiiiiiviiiicni e, 1
Descriptive statistical analysis using a spreadsheet.............cceeeeevevnnnnnn. 7
1.1 INtrodUCHON.....cii i e 7
1.2 From the research question to the questionnaire.........cccccvuennn. 7
1.3 The Sample c....oiiiiiiiiiiiiicc i 10
1.4 Data Caplure.....cciiiii i 10
1.5  Descriptive StatistiCS ....cvvviiiirrriniiiiriniirern e 13
1.6  Sortingthedata.........ccoveiiiiiiiii 15
1.7  Presenting Data using ChartS.......cccceeviiiiiiiiiiiiiin i 18
1.8 Afrequency table......ccccoiiieiiiiiiiicierrr e, 30
1.9  Standard Deviation and Standard Error.........cccceeeeeiiniineseeeennnns 31
1.10 Other measures of SPread .......c.ooeevviiiieiiiinieeeii e 32
1.11 Measures of Shape ......ccceeeiiiiiiiiciiiiiic s 34
1,12 OULHEIS et e 36
1.13 Grouping variables to form constructs or themes ..........ccc....... 39
1.14 Exploring the CONStIrUCE........ccvuiiiiiiiiii e 44
1.15 Inter item correlation coeffiCients......ccccvevviiieeevnniiiiin s eeeeeennnn, 44
1.16 Examining the NUMDbErs.......cccceiiiiiiiiiiiiiin e 47
1.17 A quick set of summary statistics .........ccoeeriiiiiiiiiiiiiiin s 49
1.18 A spreadsheet for quantitative analysis.........ccccceeeeiiiiiiiiieinnnnn, 51
1.19  Summary-Part 1......covieiiiiiiiiice e 52
ASSIGNMENT NO 1. iieiiiiiiiiei e s e e e rn e e 57
Additional EXEICISES......civiererrruiisiireerrrrrrsrs e s rrr s 57
Pt 2 e e 61
Data Frequency Tables, Distributions, Estimation, and Hypothesis
TESHING cevniiireiere et s 61
Understanding statistical techniques.............coooiiiii, 70
2.1 INtrodUCHION....cuvecie i 70
2.2 Data Frequency TablesS......cccoieiuiiiiiiiiiiiicctie e, 70
2.3 Normal Distribution ........ccuuuuiiiiiiiiiiiriiiiin e 77
2.4  The standard nOrmal CUrVe.........eeevvrviiis e 83
2.5 Normal curve and probability .........ccoeeeeiiiiiiiiiiiiii e, 84
2.6 The =normdist() fuNCction .......ccccoeviiiiiiiiiiin e, 88
2.7  Estimation and confidence interval ...........ccovvvevvviiicinninecceennnn, 93
2.8 Standard Error of the Mean .........ccccvvvviiiiiniccccenrccie e eeeennnns 94
2.9  Hypothesis testing........cccvuiiiiiiiiiiiicrr e, 97
2.10 The =tinv() fuNCLioN......ccvviriiiiiii e e 101



2.11 More examples using the t-statistic .......ccccoevviiiiiiiiiiiiiiiinnnnnn, 103

2.12 Paired samples t-test to compare means .........cccecvieiiniiniieeenns 107
2.13 The t-test for independent samples........cccccevviiiviiiierninniennnnnn. 110
2.14 Right-tailed and Left-tailed hypothesis tests..........ccceeeeriernnnnn. 113
2.15 Two-tailed Hypothesis testS ........ccvvrrrriiiiiiiie e 114
2.16 The use Of P-ValUES .......ccevrriiiiiiiiiierirniiin s seeeernsnns s e eeeens 117
2.17 Atest for the normal distribution...........cccooviiiiiiiiiiiiiinnineeens 119
2.18  SUMMANY-Part 2....ccuoiiiieiiiiieeriis e e e 122
ASSIGNMENT NO 2..uuiiiiiiiiiiiiii i e 127
Additional EXErCISES.......ccvvrrrriiriireerrrrrrrrs s e s s e e 127
A Note on EXCel FUNCHIONS ...vuuiiiiiiicccriiiiie s erern e s en s 130
Part 3 . 131
Linear Regression, x2(Chi-square) and ANOVA (Analysis of Variance) 131
Some interesting techniquES.........oociviiiiiiiic e, 133
REgression ANAlYSIS.......ciiiiuruiiiiiiiiiiieeii s e e e eaaa 138
3.1  Correlation and regreSSiON ............ueueererermrmenmmmnnnensnnnnnnnnnnnnnnns 138
3.2  Different correlation coefficients......cccccceeeiiiiiiiieiniiiiii e 138
3.3  From research question to questionnaire to data.................... 140
3.4  Simple linear regreSSiON. .......uuuuererurueeenrnrnenenennnnnnnnnnnnnnnsnnnnnnns 141
3.5  Fitting the CUMVe.....e e 144
3.6 QUICK fOrMUIA ...iiviiiere i r e e 145
3.7  ReSIAUAIS......oeveieiiei e e 150
3.8  RemMOVING OULHENS ....ceeieieeiieeeeieieieeieieee e nennnees 151
3.9  Multiple linear regreSSiON .........eeeeeeeuemrereenrnennnnnnnnnnnnnnnnnsnnnnnnns 152
3.10 MulticolliNEANLY ....cevvuiiiiiri e 154
3.11 Plotting the residuals.............ceeereeemmmmmmieeieieeeeneneneeees 157
3.12 CUIVE fitliNG.eeeeeeeeeeeeeeneneeeneneneeeeeesnnnnnenenenenennnnnnnensnsnnnsnnnnnnnnns 158
3.13  Some NON-liN€ar liNES......ccuuuueiiriiiiierirnias s e 158
3.14  COmMPAre the R? ....ciceeiieeeieeesteseste s ses e sesseesaestestssresrn s 162
3.15 Categorical variables using the 2 Chi-squared test................ 163
3.16 An application of goodness of fit .......ccceeeeiiiiiiiireerniniiinineeeenens 164
3.17 y2as a test of independence.............ueueeeemmmeimiermemnnnenenens 167
3.18 2 as a test of assoCiation .............ceveeermeimmmmmmiineaees 170
3.19 A test for homogeneity ........ccvveiiiieiiiiiiieiie e, 175
3.20 One-way ANOVA: Three Independent Samples .............cceuue... 179
3.21 A three sample application..........ccceeevvriiiiinine e 179
3.22  SUMMArY Part 3 ... e 183
NS =) PPN 185
ASSIGNMENT NO 3..uuiiiiiiiiiiiiii e 186
Additional EXErCISES.......ccvrrrriiiieiiiee e s 186
Part 4 .. 191
Making Statistics WOrK .......coeveviiiiiiiieieeeeeeeeeeeeeeee et 191
Making Statistics WOrK .......coeveviiiiiiiieieeeeeeeeeeeeeeee et 194
4.1  Some BasiC ISSUES.......ccuuiiiiiriiiiiiri e 194
4.2 Seeking patterns .......ocvciuiiiiiiiie 194



4.3  Datais an abstraction......cccccviieiiiiiiiiiiiiii e 194

4.4  Types Of data......ceviieiriiiiiii s 196
4.5 Underpinning assumplions..........cccuieriieininnnneininn e e e 196
4.6 The research qUESLION .........ccvuiiiiiiiiii e 197
4.7  Quantitative and qualitative data.............ccceevvvvviiiiinecennnnnnn, 197
4.8 Anart and @ SCIEBNCE....cuvuuieeiriiriirrrriise e e e rrr e s e e e rennaaa 199
4.9  Outliers are problematicC .......ccceeviiiiiieiiiiiiin e, 200
4.10 Small number of reSPONSES........ccvvrrriiiiiiiierrrrrrere e e, 201
4.11 Judgements to be Mmade .........ccccoummmmmmmmmmnni s 201
4.12  Personal data.........ccceeverneiiiiiiieiirir e 202
4.13 The status of data..........eeiviiiiiiiiriiiii s 202
4.14 Knowledge acquIred ..........ccccoeummmmmmmmmnnnnnnnnnnnnnnnennnnnnnnnnnnnnnnns 204
4.15 Statistical thinking........cccooiiiiiiiii 204
REfEIENCES ..ovvvriiiiiiie e e 206
Appendix 1: The Normal Distribution table........cccccceeiiiiiiiiiiiniiinnnnn, 207
Appendix 2: t critical values (t —table) ........ccceeevvriicii, 208
Appendix 3: %2 Critical Value Table.......ccccoviiiiiiiiiiici e, 209
o = PPN 211



Vi



Understanding statistical techniques

2.1 Introduction

Part 1 addressed the issues of descriptive statistics. Means, medians,
standard deviations, correlation coefficients and other statistical meas-
ures have been used to describe a sample of data which we have ob-
tained. It will have been noticed that most of the exercises in Part 1 were
based on data obtained by the use of a simple questionnaire.

In Part 2 new ideas and new techniques are introduced and in so doing,
the learner will move beyond the world of descriptive statistics into
what is referred to as inferential statistics. The difference between
descriptive and inferential statistics is that with descriptive statistics it is
only possible to make statements about the sample. In inferential statis-
tics it is possible to use data from the sample to make statements about
the whole population. Specifically, if we have a suitable sample it is pos-
sible to know quite a lot about the whole population from which the
sample came. It is important for researchers to always keep in mind the
difference between the population (the total set of all possible elements
from which a sample is drawn.) and the sample (a part of something lar-
ger such as a subset of a population. This sample is usually drawn using
a sampling frame).

Before commencing the discussion of inferential statistics it is necessary
to introduce learners to a few other concepts and the first issue we ad-
dress is the shape of the data through data frequency tables.

2.2 Data Frequency Tables

Data frequency tables have been considered before in Part 1 but they are
addressed here again because much of what follows is based on the idea
that if we know what a particular data frequency table or data frequency
distribution looks like, then we really know quite a lot about the variable
which this table or distribution represents. Remember we discussed some
of the issues about a data distribution when we addressed skewness (left
or right) and kurtosis (peaked or not peaked) in Part 1. Shortly we will
look at a data distribution which is not skewed and where the kurtosis is
neither over or under peaked.

Remember the data frequency table refers to a way of presenting a
summary of the data in such a manner that it facilitates the possibility of
seeing patterns or relationships in the data. A data frequency table shows
how many times each data point (observation or outcome) occurs in a
given data set. Distributions may take different shapes and this section of
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the book will consider data which is typical of that obtained from the
questionnaire concerning the background of students registered at a
School of Business and a School of Accounting used in Part 1. The issue
or variable which will be considered here is the length (in months) of
working experience which students obtained before registering for their
post-experience degree.

In this example we have obtained 30 completed and usable question-
naires from students from the School of Business and another 30 com-
pleted and usable questionnaires from students from the School of Ac-
counting. We have 60 data points in all.

A usable questionnaire is one which has been sufficiently completed that
it may be included in the data set obtained. Researchers sometimes ex-
clude questionnaires where more than a few questions have not been
completed or answered by the respondent. When this happens it is usu-
ally believed that the questionnaire was poorly designed. In the same
way as discussed in Part 1 a small number of missing data points or ele-
ments may be estimated. Sometimes there can be a very large number
of non-respondents i.e. questionnaires not being returned at all, and this
can damage the credibility of the survey.

The 30 respondents from the School of Business supplied the following
number of months working experience:

Table 2.1: School of Business, number of months working experience

23| 28 29 34 34 39 43 44 45 45 48 48 49 54 54

54 55| 56| 56 65 65 65 67 73 76 76 77 78 87 92

Respondents from the School of Accounting replied with the following
data:

Table 2.2: School of Accounting, number of months working experience

100 12| 12) 16[ 19| 20 22| 23] 23] 23] 26 28 29 32| 33
34 34 41 43| 431 44 45 45 54 56 56| 56| 65 67 76

These two data sets have been reproduced in this section across columns
to conserve page length in this book. These data would normally be en-
tered in a spreadsheet in one column.

It is possible to create a data frequency table by just counting the num-
ber of times each data point occurs. However, it is often the case that it
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is better to group data into intervals such as 10-19, 20-29 etc. This oc-
curs with data for quantitative variables such as age, weight, income etc,
where there are likely to be many different outcomes.

The first step in producing a Frequency Table is to establish the range of
the data. The technique for doing this has been described in Part 1. The
range for the School of Business is 69 and the range for the School of
Accounting is 66.

The second step is to decide the number of groups/intervals into which
the data should be divided. A heuristic for this is that the data may be
grouped into the number of intervals represented by the square root of
the sample size. As the sample size is 30 five or six groups would be ap-
propriate in this exercise®. It is useful to keep the width of the intervals
constant except perhaps for the first and final groups. In this exercise we
have used interval markers of under 25, 36, 48, 60, 72 and greater than
72. These numbers need to be entered 16 to I11.

Excel has a function which allows data frequency tables to be constructed
which is called =frequency().

The =frequency() function is an array function which means that it is
entered in a different way to other functions. The function needs two
pieces of information:-

1. the full range of data from which the frequency distribution is re-
quired

2. the intervals which are to be used in the data frequency table.
This is called the bin range.

Considering Figure 2.1, the required data distribution in intervals has
been entered into the range 16 through I11. The =frequency() function
can now be used in the adjacent column to calculate the frequencies. As
=frequency() is an array function the range J6 through J11 is first se-
lected and then to produce a frequency table for the responses from the
School of Business, the following formula is entered in J6.

=frequency(C3:C32,16:111) [CTRL + Shift + Enter]

% There is in general agreement that the number of intervals should not be less than 5 and
not more than 20.
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A B C D E F1G| H | J
1 Raw data
2 Months SoB  Months SoA
3 1 28 10
4 2 B 23 Data
5 3 732 Distribution  Freguency
5 4 56 26 25 1
7 5 45 28 36 4
g8 B 54 56 48 7
9 7 56 43 B0 7
10 g 34 44 72 4
11 9 54 56 =72 7
12 10 gs 20
13 11 48 4
14 12 B 29
15| 13 44 45 [ |
16 14 34 56
17 15 43 34
18 1B 48 7B
19 17 49 B5
20 18 54 45
21 19 23 X
22 20 23 12
23 21 55 33
24 22 39 43
25 23 65 54
26 24 67 23
27 25 7312
28 26 45 16
29 27 92 13
30 28 8 34
H 29 a7 23
32 30 BS 67

Figure 2.1: The data and the =Frequency() function

In the case of an array function it is necessary to hold down the CTRL
key and the Shift Key and to then press Enter. The result is that the
frequency is calculated for each interval or bin in the range and are
placed in cells J6 to J11.

To calculate the frequencies of the School of Accounting, select the range
K6:K11 and enter the formula

=frequency(D3:D32,16:111) [CTRL + Shift + Enter]

The frequency table which is produced by Excel is shown in the right
hand corner of Figure 2.1 in the range 14 to J10.

The results of the =frequency() function are now reproduced in Table
2.3.
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Table 2.3: School of Business Frequency Table of the number of stu-
dents and the number of months working experience.

Months No of
Experience | Students
Under 25
26-36
37-48
49-60
61-72
above 72
Total

w
SIN[A NN~

Having established the frequency of the individual groups or classes, the
relative frequency can be calculated as a percentage of each group rela-
tive to the total. The cumulative relative frequency is then the percentage
across the range shown in Tables 2.4 and 2.5.

Table 2.4: School of Business Frequency Table with relative frequency

Months No of Relative
Experience | Students | frequency

Under 25 1 0.03
26-36 4 0.13
37-48 7 0.23
49-60 7 0.23
61-72 4 0.13

above 72 7 0.13
Total 30 1.00

Table 2.5: School of Business Frequency Table with relative frequency
and cumulative relative frequency

Months No of Relative | Cumulative
Experience | Students | frequency Relative
frequency
Under 25 10 0.33 0.33
26-36 7 0.23 0.57
37-48 6 0.20 0.77
49-60 4 0.13 0.90
61-72 2 0.07 0.97
Above 72 1 0.03 1.00
Total 30 1.00
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These frequency tables may be plotted as histograms. Figure 2.2 shows
the results for the School of Business and. Figure 2.3 shows the results
for the School of Accounting.

School of Business

Mo, af Students
2 = N o A g ow

Under 25 2b6-36 3748 45-60 6172 abowe 72

Mo. off months wrorking experience

Figure 2.2: A histogram used to examine the shape of the data fre-
quency table for the School of Business

Excel does not directly produce a histogram with the bars touching each
other as shown in Figure 2.2. To obtain this effect a normal bar chart is
first drawn. Then the cursor is placed on one of the bars and the right
mouse button clicked. Choose Format Data Series and then Options. This
will allow the Gap Width to be specified as Zero and the histogram effect
is achieved.

Note that this chart using the given intervals is tri-modal. This example
shows one of the difficulties with using the mode as it is not unique. It
may also be the case that this data actually contains more than one dis-
tinct sub-group

In Figure 2.3 there is a distinct trend for degree candidates to register for

the post-graduate degree soon after their first degree and thus without a
larger number of years working experience.
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School of Accounting

Mo, af Students

Unedler 25 26-3h 3748 45-50 b1-72 Abowe 72
No. of months working xperience

Figure 2.3: A histogram used to examine the shape of the data fre-
quency table for the School of Accounting

No further analysis is required to recognise that the distribution of work
experience had by the degree candidates in the School of Business and
the School of Accounting is different. These two data sets can be plotted
on the same axis using a line graph shown in Figure 2.4.

Mo. of students with differing periods
of work experience from School of
Business and School of Accounting

iy
2

w10 "
: -
:'é i T B /—\\\
; 6 / o \//
2 3 / S
2 e
-~ F—
u] T T T T T |
Under 25 26-36 37-48 49-50 61-72 above 72
Ho. of months work experience
Mo of Students = = = =Mo of students
ichool of business ichool of accounting

Figure 2.4: The School of Business and the School of Accounting data
as traces on one graph
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The line graphs as shown in Figure 2.4 are sometimes called a trace or
frequency polygon as they show the line which joins the mid-points of
the tops of the rectangles in the histograms.

It may be seen from both the tables and the graphs that there are differ-
ences between these two distributions. The School of Business has more
mature students (more working experience) and these are spread across
the work experience range with three modal points, which are the most
work experienced groups. In the case of the School of Accounting there
are fewer students with more working experience and the mode is the
least work experienced group.

As mentioned above the data frequency table describes the pattern in the
data and this is one way in which a distribution may be represented.

In addition a distribution may be described using the mean and the stan-
dard deviation. It is also possible to use a mathematical formula to de-
scribe a distribution. However, it should be noted that the data distribu-
tions described above are not probability distributions. Probability distri-
butions are described below.

2.3 Normal Distribution

In Figures 2.2 and 2.3 above a practical data frequency distribution was
created using the =frequency() function, and in this case graphed, from
the sample data we obtained using a questionnaire. This way of present-
ing the data showed that there was a particular shape to the data ob-
tained and this represented a pattern in the opinions which were offered.
In other instances the shape of the data would represent how events
took place. There are many different types of shapes which will appear
when data is graphed. One of the most frequently encountered is bell
shaped and thus suggests that the sample and population come from
what is called a normal distribution. The normal distribution is of great
importance in statistical analysis. The normal distribution is referred to as
a probability distribution. The notion of probability is central to the idea
of the normal distribution and we will refer to this many times in the bal-
ance of this Part of the book. The normal distribution is sometimes called
a Gaussian distribution. Carl Friedrich Gauss was a famous German
mathematician working in the 19" century.

A probability distribution is sometimes thought of as a theoretical data

frequency distribution which states how outcomes or observations are
expected to behave. As with the data frequency distributions already de-
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scribed above it may be represented by tables or diagrams or a mathe-
matical formula.

The graph of a normal distribution is bell shaped which is symmetrical
around the mean value in the middle of the graph, and it has a number
of particular properties. Figure 2.5 shows the shape of a typical Normal
distribution curve produced in Excel and the distribution table of values is
shown in Figure 2.8, which will be referred to in detail later.

By convention the total area under a normal shaped curve is always 1.
Thus the bell shaped curve consists of two sides each of which is 0.5 in
area. The probabilities are represented by the area under the curve. By
definition this means that we cannot talk about the probability of a single
value occurring. We talk about the probability of values being greater
than or equal to some observed or specified value. We can also talk
about the probability of values being between certain limits. Because the
area under the curve is equal to 1 the probabilities mentioned above may
be understood as being the fraction of the population that lies above or
below or within the specified values. It is important to recall that the
probability of an event which will certainly occur such as the fact that we
will all die is 1 and the probability of an event which is impossible such as
we will all fly to the moon is 0 (zero).

The curve is al-
ways divided into
2 equal parts of
0.5 each. The left
side is negative
and the right is
positive.

The area under the
curve is always re-
garded as being 1.

Figure 2.5: The bell shape of a standardised normal distribution curve
or graph
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The Normal distribution is a continuous probability distribution which de-
scribes the frequency of the outcomes of the random variable. The actual
shape of the normal distribution curve is a function of the mean value
and standard deviation? of the distribution. The mean and the standard
deviation of the distribution are referred to as the parameters of the dis-
tribution.

All the following distributions are normally distributed.

Different means and different standard deviations lead to different bell
shaped curves as may be seen in Figure 2.6.

Distribution Mean Std dev

Distribution 1
The number of work permits 12,500 750
issued each year in the country

Normal Distribution
0.0006

0.0005
0.0004 4
0.0003
0.0002 4

0.0001 4

0
950010100107001 1300119001 2500131001 3700.430014900L 5500

Distribution 2

The number of children vacci-
nated against flu each year in
the country

17,500 5000

Normal Distribution
0.00012

0.0001 |
0.00008
0.00006 1
0.00004
0.00002

0 T I
-4500 -100 4300 8700131001 750@190@630B070B510B9500

%7 The mean and the standard deviation were discussed in Part 1 where it was shown how
to calculate them using Excel functions.
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Distribution Mean Std dev

Distribution 3
The number of microchips 187,000 50,000
manufactured in China each day

Normal Distribution
0.00002 4
0.000018
0.000016
0.000014-
0.000012
0.00001 4
0.000008
0.000006
0.000004
0.000002
0

-1300@7006%700m 7006 70QB 7022 70@6 703D 70@24 70@B7000

Distribution 4

The number of burgers sold in
the fast-food restaurants in Dub-
lin airport each month.

3,500 400

Normal Distribution

0.001
0.0009
0.0008+
0.0007 4
0.0006 1
0.0005
0.0004 4
0.0003+
0.0002+
0.0001
0

19002220 25402860 3180 350038204140 44604780 5100

Figure 2.6: Different data sets which display the characteristics of a
normal distribution.

The theoretical distributions in Figure 2.6 have different means and dif-
ferent standard deviations, but it is also possible for there to be many
distributions with the same mean, but with different standard devia-
tions as is shown in Figure 2.7. Note the smaller the standard deviation
the “tighter” the graph, and the larger the standard deviation the “flatter”
the graph. Tight graphs, i.e. ones with small standard deviations, suggest
that there will be less variability in the sample and flat graphs i.e. ones
with large standard deviations, suggest that there will be a high degree
of variability. This higher standard deviation can mean more risk than a
lower degree of variability.
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Figure 2.7: Four data distributions with the same mean but with 4 dif-
ferent standard deviations.

In Figure 2.7 the o is used to denote the standard deviation.

One of the more important attributes of the normal distribution curve is
the specific way in which the outcomes of the variable are spread about
its mean. If a distribution is normal then by definition 68% of the popula-
tion outcomes/values lies within plus or minus one standard deviation
from the mean and 95% of the population outcomes/values lies within
plus or minus two standard deviations (actual value is 1.96 but this is
usually expressed or rounded to 2) from the mean. And finally 99% of
population outcomes/values lies within plus or minus three standard de-
viations (rounded up from 2.58 to the nearest integer) from the mean.
This is illustrated in Figure 2.8.

Note, in theory the tails of the graph in Figure 2.8 do not touch the x-
axis. They are said to extend to infinity. As a result it is possible to occa-
sionally find very large or very low values which are actually data points
within the distribution?®.

28 Recall the issue of outliers which was discussed in Part 1 of the book. Some outliers will
be perfectly respectable members of a data set whose values are to be found deep in the
tails of the distribution.
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Figure 2.8: The percentage of the data within 1, 2 and 3 standard de-
viations® under a normal distribution.

Remembering the rule of how data is distributed in a normal distribu-
tion*® and using these characteristics we can interpret research results in
a meaningful manner. For a normal distribution where the mean is 25
and the standard deviation is 4, we can say that approximately 99% of
the population values lie between 25 + (3 * 4) which equals 37 and 25 —
(3 * 4) which equals 13. This means that we can say that we expect with
99% confidence that an observation drawn from this distribution will take
a value of between 13 and 37. Note that it is assumed that the observa-
tion has been randomly taken from the population and it is important to
remember that the two tails of the normal curve theoretically stretch to
infinity. So it is possible to obtain a very small value and a very large
value, which although highly unlikely, are valid observations or values in
the normal distribution3.

An application of this is to use the normal distribution to establish the
relative position of an observed value to others in a population. For ex-
ample, suppose an individual drawn at random from the above example
(mean = 25 and standard deviation = 4) exhibits a value of 33 then it
may be said that the individual is two standard deviations above the
mean and is therefore in the top 2.5% of the population.

It should be noted in Figure 2.8 that there are three divisions of the
curve on either side of the mean i.e. 3 standard deviations. If the data

P1tis important to recall that although 1, 2 and 3 standard deviations are frequently used
to describe the distribution of data under the normal curve these numbers are only ap-
proximations. The actual numbers are 0.84, 1.96 and 2.5.

30 This is sometimes referred to as the 68-95-99 Rule.

Hitis possible that invalid observations occur i.e. errors and if this is the case they need to
be adjusted or omitted from the data.
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distribution is taken as a whole there are six possible divisions between
what would be, for practical purposes, the maximum and the minimum
values of the distribution. Therefore if the range of a data set i.e. the
difference between the maximum and the minimum values, are taken
and divided by 6 then this resultant number may be used as a heuristic
for the standard deviation. Clearly the actual calculation of the standard
deviation is better and with a spreadsheet this is easy to do. But some-
times this heuristic is useful.

2.4 The standard normal curve

Any variable a researcher is working with will have its own mean and
standard deviation. All these means and standard deviations could be
different and if every time we wanted to study a situation we had to work
(i.e. make our calculations) with different means and standard deviations
we would be faced with arithmetical challenges. However we are able to
minimise this arithmetic work by standardising any variable to have a
mean of zero and a variance or standard deviation equal to 1.

Returning to Figure 2.8 the normal distribution shown here is called the
standard normal curve because the mean is zero and the standard
deviation is 1. It is unusual for any normal distribution to have a mean of
zero and a standard deviation of 1. However, any normal distribution
variable can be standardised or transformed so that it may be considered
to have a mean 0 and standard deviation 1. When this is done the result-
ing standardised variable is called the Z variable and the probability asso-
ciated with the Z variable is shown in the Standard Normal Distribution
Tables in Figure 2.10 (on page 86).

Now to explore the idea of probability.

Example 1

Recall that having processed the results of the questionnaire in Part 1 we
found the response to Question 1 to have a normal distribution? of mean
3.47 and a standard deviation of 2.05.

We find an additional questionnaire (apparently a late submission) with a
response rating of 8 to question 1.

The quality of the lectures is excellent

Strongly Disagree Strongly Agree
1O 20 30 <40 s0 60 70O &K a0

32 In order to be able to use this type of logic it is necessary to make an assumption about
how the data was distributed.
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We wish to establish the probability of a score of 8 or more coming from
such a distribution (i.e. the distribution we found when we first analysed
the data we obtained in Part 1). If traditional tables are to be used like
those in Figure 2.10 then the first step is to standardize the score 8 in
terms of the number of standard deviations it is from the mean. This is
done by using the formula®:
z=X"H#
O

Where, X is any given data point (we sometimes call this number the X-
score) in the sample, in this case 8, U/ is the mean of the population, in

this case 3.47 and O is the standard deviation of the population in this
case 2.05.

Therefore
8-3.47
2.05

Z:

= 2.21 Standard Deviation units
above the mean.

The 2.21 is sometimes called the standardised value of 8 in terms of a
data distribution where the mean is 3.47 and the standard deviation is
2.05.

The location of the Z = 2.21 which is the number of standard deviations
the new data point, 8, is from the mean, may be viewed in Figure 2.9.

2.5 Normal curve and probability

In Figure 2.9 the area under the curve to the left of the Z-score (2.21)
represents the probability that a value could be 8 or less, i.e. there is a
high probability here. The area under the curve to the right of the Z-
score (2.21) represents the probability that a value could be 8 or more,
i.e. there is a low probability here. Note that we cannot use this tech-
nique to say what is the probability of a score being 8 as for a continuous
variable any single X-score has a probability of zero.

3 The Greek symbols y (this character is pronounced mu) and o (this character is pro-
nounced sigma) are used by statisticians to represent the mean of the population and the
standard deviation of the population. This will be discussed further later in this book.
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0 2.21

Figure 2.9: Using the normal curve to show the area of the curve repre-
senting the probability of a Z-score greater than 2.21

The Z-table which will be used here to find the corresponding probability
is in Figure 2.10 below.

To use the Z-tables look down the first column in the table on the ex-
treme left until 2.2 is found. The column next to the right shows the
value of the Z-score for 2.20. If you move one column further to the right
the value is that required for a Z-score of 2.21. Note if a Z-score of 2.22
had been required it would have been necessary to move another step to
the right.

The table value for 2.21 is actually 0.9864 which represents the probabil-
ity for a Z-score being less than 2.21 standard deviations above the
mean. Therefore the probability of getting a value of 8 or more is equal
to one minus 0.9864 which is 0.0136 or 1.36%3*. Note that we subtract
the 0.9864 from 1 because the total area under the curve is 1. A prob-
ability of 1.35% is very low and it would be wise to question the validity
of the late arriving questionnaire with a score of 8.

34 The area in the table is the area under the Standard Normal Curve to the left of the
computed value of Z. In this case we are interested in the area under the curve to the right
of the calculated value of Z.
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2z 0.00 0.01 0.02 0.03 0.04 0.05 0.07
0.0 05000 05040 05080 05120 05160 05199 0.5279
0.1 05390 05438 05478 05517 05857  0.5596 0.5675

0.2 05793 05832  0.5871 05910 05948 05987 0:6026 0.6064
0.3 06179 06217 06255 06293  0.6331 06368/ 06406  0.6443
0.4 0.6554  0.8591 0.6628 06664 06700 067 06772  0.6808

0.5 06915 06950 06985 07019  0.7054 07123  0.7157
0.6 07257  0.7291 0.7324 07357  0.7389 7422 07454 07486
0.7 07580  0.7611 07642 07673 07704 S 07734 07764 07794
0.8 07881 07910 07939 07967 0799 0.8023  0.8051  0.8078
0.9 08159 0818 08212 08238 0.8 0.8289  0.8315  0.8340

1.0 0.8413  0.8438  0.8461 0.8485 /8508  0.8531 0.8554  0.8577
1.1 0.8643  0.8665 08686  0.8708 8729  0.8743 08770  0.8790
1.2 0.8849 08869 08888 08907/ 08925 08944 08962  0.8980
1.3 09032 09049  0.9066 09099 08115 09131 09147
1.4 0.9192 09207  0.9222 0.9251 09265 09279 09292
1.5 09332 09345 09382 09394 09406 09418
1.6 09452  0.9463 09495 09505 09515 09525
1.7 0.9584  0.9564 09591 09599 09608 0.9616
1.8 09641  0.9649 0.9671 09678 09686  0.9693
1.9 09713 09719 09738 09744 09750 09756
2.0 09772 09778 : ! 09793 09798 09803  0.9808
21 0.9821 (.98 0.9830 09834 09838 09842 09846  0.9850
q 2.2 0.9861 0.9868 09871 09875 09878  0.9881  0.9884
23 0.9893 09898 09901 09904 09906 09909 09911

24 0.9918 09920 09922 09925 09927 09929  0.9931 0.9932

25 09938 09940  0.9941 09943 09945 09946 09948  0.9949
2.6 09953 09955 09956 09957 09959 09960 09961  0.9962
27 09965 09966 09967 09968 09969 09970 09971 09972
2.8 09974 09975 098976 09977 09977 09978 09979  0.9979
29 0.9981 09982 09982 09983 09984 09984 09985  0.9985

Figure 2.10: A set of published Standard Normal Distribution Tables (Z-
tables) showing probabilities for less than a given Z-score

The table shown in Figure 2.10 gives the probability of obtaining a Z-
score from the specified value (in this case 8) back to the extreme left
end (tail) of the curve. As in this example we wanted to calculate the
probability of 8 or more occurring, it was necessary to find the area of
the curve to the right of the z-score.

Subtracting the table value from one (unity) in order to determine the
probability can sometimes present difficulties to the newcomer to this
technique. In Figure 2.11 the normal curve is shown as comprising the
section having a probability of 0.9864 and the section having a probabil-
ity of 0.014. The area under the curve to the left of the Z-score is what is
tabulated. Thus when we are interested in the area to the right of the Z-
score we need to subtract the tabulated area from 1. Figure 2.11 shows
the two parts of the area under the curve.
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The shaded area has
a probability of 0.014

The white area has a
probability of 0.986

4
T

0 224
Figure 2.11: The sum of the two areas (blank and shaded) is equal to 1

Example 2
Another example to illustrate the above technique considers the probabil-
ity of a value of 7 or more being returned for the question.

The quality of the lectures is excellent

Strongly Disagree Strongly Agree
1O 20 30 <40 s0 660 72K &0 90

The first step is to standardise the X-score using the same formula as
before.
_7-3.47

2.05

4

= 1.72 Standard Deviation units

The location of the Z-score (1.72) is shown in Figure 2.12 below and the
required area to the right has been shaded. Remember that the area to
the left of the Z-score is the probability of a score of 7 or less.

0 1.72
Figure 2.12: Using the normal curve to find the probability of the Z-

score being greater than or equal to 7 or more.
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Using the table in Figure 2.13, the area to the left of the Z-score (1.72) is
0.9573. Therefore the probability of obtaining a value of 7 or more is
equal to one minus 0.9573 which equals 0.0427 or 4.27%.

The shaded area has
a probability of 0.043

The white area has a
probability of 0.957

0 172

Figure 2.13:- The areas of the normal distribution and the probabilities
associated there with.

With the use of Excel we do not have to resort to Z-score tables. Excel
will calculate the numbers required and it will do so more speedily and
also to a greater degree of accuracy.

2.6 The =normdist() function

Instead of using tables to look up Z-scores with which to compare a cal-

culated test statistic to a theoretical statistic, a researcher can use Excel.

Excel offers a function to calculate the probability of an observation being

a member of a population with a given mean and a given standard devia-

tion. This is the =normdist() function.

The form of this function in Excel is:
=normdist(x,mean,standard_dev,cumulative)

where x is the X-score.

Repeating Example 2 described previously but using the Excel
=normdist() function the following is required in cell C6.
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A B | ¢ | L
| 1 |Normal Distribution
| 2 |Obsgervation 7
| 3 |Mean 3.47
| 4 |Standard Dewiation 2.05
| 5 |Cumulative TRUE
| b_|Probability 0.957461

Figure 2.14: The Excel spreadsheet used to calculate the probability of
an X-score for normal distributions

In Figure 2.14 the formula in cell C6 is

=normdist(C2,C3,C4,C5)
where C2 = X-score (observed Value)

C3 = Mean to be tested against,

C4 = Standard deviation

C5 = Indicator point to use the probabil-
ity density function. TRUE indicates
the area under curve and FALSE in-
dicates the ordinate™®.

The result shows a probability of the X-score being less than 7 to be
0.957461. Therefore, as before, to calculate the probability of the X-score
being greater than 7 it is necessary to subtract the answer from one i.e.
1-0.957461=0.0427 or 4.27%.

Example 3

To look at another example, if we have a population with a mean of 40
and a standard deviation of 5, and we want to know the probability that
an observation or outcome obtained from this population could be 30 or
more we can use Excel as follows.

Figure 2.15 shows the result f using of the =normdist() function in cell
B6.

35 The FALSE indicator for this Excel function has not been used in this book. See the Excel
Help function for more information about this option.
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A | B | ¢
1 |Nermal Distribution
2 |Observation 30
3 |Mean 40
4 | Standard deviation a
5 |Curnulative TRLE
B |Probability 0.02275

Figure 2.15: The calculation of the probability of the observation occur-
ring from the probability distribution curve.

Once again in Figure 2.15 the formula in cell B6 is

=normdist(B2,B3,B4,B5)
where B2 = Observed Value,

B3 = Mean to be tested against,

B4 = Standard Deviation

B5 = Indicator point to use the probabil-
ity density function. TRUE indicates
the area under curve and FALSE in-
dicates the ordinate.

The result shows a probability of the X-score being less than 30 to be
0.02275. Therefore, as before, to calculate the probability of the X-score
being greater than 30 it is necessary to subtract the answer from one.
i.e. 1-0.02275 = 0.97 or 97%.

Example 4

In another example we consider the same mean 40 and the same stan-
dard deviation of 5 but this time we want to know the probability that an
observation or outcome obtained from this population could be 36 or
more. We proceed as follows:

A | B | €
13 |Mormal Distribution
14 |Observation G5
15 [Mean 40
16 |Standard deviation 5
17 [Curnulative TRUE
18 |Probability !D.EHEEE

Figure 2.16: The calculation of the probability of the observation occur-
ring from the probability distribution curve.
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In Figure 2.16 the formula in cell B18 is

=normdist(B14,B15,816,B17)

=0.211855
The Excel spreadsheet shows a probability of 0.0211855. As before to
calculate the probability of the X-score being greater than 36, it is neces-
sary to subtract the value returned by Excel from 1. This calculates to
78.8% (i.e. 1 - 0. 0211855 = 0.788).

= 79% (rounded up)

Example 5

In this example, we consider the distribution of year end exam results
that follow a normal distribution with a mean of 55 and a standard devia-
tion of 10. If the results followed this distribution in the next examination
what mark would you expect to divide the class into two groups, one of
which consisted of 95% of the pupils and the other 5% of the pupils.

The Z-value for 95% (or .95) of the curve is in the right hand tail and by
consulting the tables it will be found to occur at 1.645 and this is repre-
sented in Figure 2.17.

¥
T

0 1.645
Figure 2.17: Z-value of 1.645 splits the total area into 95% and 5%.

5 which is set

The standardised value of the marks (X) is equal to

to equal 1.645 in this example.
This is represented by

X -55

= 1.645

Multiplying both sides of this equation by 10 and rearranging to solve for
X we find:
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X =55+1.645*10
X =71.45

Example 6

The Jones twins are highly competitive. The first twin is in a group for
mathematics which has been given a test for which the results are dis-
tributed normally with a mean of 65 and a standard deviation of 5. The
first twin’s score is 73. The second twin is in a different group which does
a totally different type of mathematics test and whose results are distrib-
uted normally with a mean of 35 and a standard deviation of 11. The
second twin scores 43. Which twin has done relatively better in their
test?

73-65

First twin: Z-score = = 1.6 standard deviations

-35

Second twin: Z-score = = 0.73 standard deviations

Using tables P(Z>1.6)=1-.9452 =.0548 =.055 = 5.5% which means
that this twin is in the top 5.5% of the class.

Using tables P(Z>0.73)=1-.7673 =.2327 =.234 = 23.4% which means
that this twin is in the top 23.4% of the class

Thus the first twin has performed relatively better to the peer group than
the second twin.

0 1.6

Figure 2.18: The shaded part of the curve shows the probability of first
twin with a score of 73.
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4

0 0.73

Figure 2.19: Shows the probability for the second twin with a score of
43.

2.7 Estimation and confidence interval

In the context of this book, estimation is the process of establishing the
likely value of a variable. The most direct form of estimation is to estab-
lish a single-point value. As has been addressed in Part 1 of this book,
the mean, the median or the mode may be used as single-point esti-
mates. However, the use of these single statistics does not always con-
tain enough information and the alternative, which is an interval esti-
mate, may be required.

For example, looking at the results of Question 1 from the questionnaire
in Part 1 of this book the question was:

The quality of the lectures is excellent
Strongly Disagree Strongly Agree
10 20 30 <40 50 60 z0O &0 90

With a sample size of 30, the mean score for this question was 3.47 and
the standard deviation was 2.05.

If a single point estimate of the true mean score (u) for Question 1 is

required then the average score X of 3.47 can be used. This is the
“best” estimate using a single-point value. However, it is possible that
more information about the estimate of the mean is required. Here an
interval estimate can be calculated and in this case the single number is
accompanied by confidence limits.
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Recall that the average score for Question 1 of the sample of the 30

questionnaires returned is X = 3.47 with a standard deviation s=2.05.
Because we are dealing with a sample mean the confidence interval
which we require will use the standard error as described in Part 1. This
is calculated as the standard deviation divided by the square root of the
size of the sample. In this case the estimate of the standard error for Q1
is 0.374. To establish the 95% confidence limits we need to add 2 stan-
dard errors® to the calculated mean and subtract 2 standard errors from
the calculated mean. In this case the results are 4.21 and 2.73 respec-
tively. Thus we conclude with 95% confidence that the true lies between
these two values.

We might also be interested in knowing what the position is at a confi-
dence level of 99%. In this case we add 3 standard errors to the calcu-
lated mean and subtract 3 standard errors from the calculated mean,
which produces results of 4.59 and 2.35 respectively. This technique of
estimating the interval value of the responses can be used for all ques-
tions in the questionnaire in Part 1 if required.

2.8 Standard Error of the Mean

As indicated above the Standard Error (SE) was first mentioned in Part 1
of this book in the same section as the standard deviation, but its use
was not described. Whereas the standard deviation applies to a whole
population the standard error only applies to the sampling distribution of
the means drawn from a population.

Many different samples of the same size may be drawn from a popula-
tion. The number of samples can be very large if the values comprising
the sample are allowed to be taken more than once from the population.
If this is the case we refer to the samples as having been taken with re-
placement.

In Figure 2.20 below the samples are of the same size.

36 Remember that the actual number is 1.96 but this is frequently rounded to 2.
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Population
——

Figure 2.20: A large number of samples may be taken from a popula-
tion especially if the sample elements are taken another time.

Since the samples are drawn from the same population the population
standard deviation for each sample is o sigma. Thus the population
standard error SE ) for samples of size n is

o
SEp) ==

Jn
In practice the value of ¢ is not known and thus is estimated from the
observations from a single sample for which the inferences are to be
based. The SE is calculated by dividing the standard deviation of the sin-
gle sample on which inferences are to be made by the square root of the
sample size (n) i.e.
_ Sample Standard Deviation

SE =
JNumber of Observations
SE = 2
Jn

The SE will always be smaller than the standard deviation of the popula-
tion (for n >2).

Furthermore, in Figure 2.21 we show that the distribution of sample
means will be closer to the mean of the population than the data points
in the original population as the standard deviation of the sample means
is smaller.
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4— Distribution of sample means

Underlying population
distribution

0

Figure 2.21: The distribution of the population and the distribution of
sample means within that population

The sampling distribution of the mean of a sample of size N>30 from a
population with mean p and standard deviation ¢ will be approximately

normally distributed with mean p and standard error = %. This follows
n

from one of the most important principles in statistics which is referred to

as the central limit theorem?¥.

As a consequence the Z-score will be Z = M for sample means and
O
(\/F J

The standard error is used for interval estimation of the true mean p and
for carrying out tests of hypotheses concerning the true mean p of a dis-
tribution.

will follow a standard normal distribution.

In practice we usually do not know the value of ¢ and estimate it with
the sample standard deviation referred to as s. At that point the Z-score
(normal distribution) is not used, but instead a t (the so-called Student t)
distribution is used.

The equivalent of the Z-score equation then becomes

37 The central limit theorem states that with a large population the means of the samples
taken will be normally distributed and that the mean of the means of the samples will be
the mean of the population and the standard deviation of the distribution of the means will
be standard deviation of the population from which the population was drawn divided by
the square root of the sample size. For the central limit theorem to apply the sample should
be greater than 30 and it should be small relative to the population.
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th4 = ,  v=n-1 (where v=degrees of freedom)

which follows a t-distribution with (n-1) degrees of freedom.

The use of the t-distribution®, when the sample size is less than 30, ac-
tually depends on knowing that the random variable being studied fol-
lows a normal distribution. However, since the t-distribution or t-statistic
is known to be robust with respect to the normal distribution assumption,
we tend to use it without paying too much attention to this issue.

In general when we work with means of samples we use the standard
error, but when we work with individual data points we use the standard
deviation.

The larger the sample sizes in use the smaller the standard error.

2.9 Hypothesis testing

Hypothesis testing is a central concept in statistical reasoning and think-
ing and when this technique is mastered it will provide the researcher
with a number of useful tools.

Hypothesis testing is an important way in which we can increase our con-
fidence in the findings of our research and a number of examples will
now be used to illustrate this. A hypothesis test which is often performed
tests a claim concerning the “true” mean (or some other parameter) of
the population.

In carrying out such a test one needs to specify the Null Hypothesis, the
Alternative Hypothesis and the level of significance.

Before the test can be performed the researcher needs to draw a sample
of acceptable or perhaps “credible”* size from the population and then
compute the mean and the standard deviation of the sample.

BThere are actually two assumptions necessary for the t-test (1) that the values in your
sample should be independent of each other (2) the selection of any values from the popu-
lation should not affect the selection of another and random sampling with replacement is
regarded as the most appropriate way of doing this. The second assumption is that your
population should be normally distributed. The t-test is preferred because it may be used in
many situations where the population variability is not known.

3% The “credible” size will depend on the hypothesis being tested and will vary considerably.
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Then the appropriate test statistic needs to be computed. This is given by

(X s0)

Jn

t 1=

n—

where 4, is the value of the mean specified under the Null Hypothesis

and (n-1) is a parameter of the t-distribution*® which is referred to as the
degrees of freedom. Increasingly the t-test is used in these circum-
stances as it provides usable results with both small and large samples.

For example, assuming that as a result of the original study the man-
agement of the Faculty sets a bench mark of 3.47 for the student quality
evaluation. At a later point in time a new sample of 20 students are
asked to complete the same questionnaire as before.

We are interested in the reply to Question 1. In this case the average for
this new sample is 4.2 and the standard deviation is 2.0.

The research question is: Does this new data set support the claim that
the true average for the population is statistically significantly greater
than 3.47 at the 5% level of significance?

Note the hypothesis is always a claim which we then try to refute i.e.
reject. A hypothesis is not proven, and it is technically not correct to say
that a hypothesis is accepted. A hypothesis is either rejected or not re-
jected.

There are 5 steps in this type of hypothesis testing which are:-
Step 1: State the Null Hypothesis and the Alternative Hypothesis as:

The Null Hypothesis Ho: Ho = 3.47
The Alternative* Hypothesis H;: Uy > 3.47

Note that this is a one-tailed test. We are only interested in the right side
of the distribution probability function and this is because the Alternative
Hypothesis H; is p;>3.47. This test is sometimes referred to as direc-

0 statistical packages such as SPSS always compute the t-statistic and its associated prob-
ability as the t-distribution which accommodates all sample sizes. For large sample sizes the
t-distribution and the normal distribution can be considered identical.

*1 The Alternative Hypothesis is sometimes called the Research Hypothesis. Some research-
ers refer to the Null as the “Ho"” and the Alternative as the “Ha".
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tional. If the Alternative Hypothesis H; is p#3.47 then we would have to
use a two-tailed test. The Alternative Hypothesis H; is p;>3.47 or
M1<3.47.

The difference between the use of hypotheses with regards to one and
two-tailed tests will be discussed in some detail later.

Step 2: Establish the level of significance of oo = 5%. This is the tradi-
tional level of significance used in social science. Other levels of signifi-
cance are used in other branches of science.

Step 3: Decide on the test statistic, the level of significance and deter-
mine whether it is a one-tailed or two-tailed test.

The t-statistic is chosen because the sample size is less than 30 and the
value of o is unknown. This is a one-tailed test as we are interested in an
alternative hypothesis that p;>3.47 which indicates a bias in one direc-
tion.

Level of significance oo = 0.05 or 5%

Step 4: The test statistic is calculated using the formula previously de-
scribed.

Sample mean = 4.2

M (the hypothesis mean) = 3.47
Sample standard deviation = 2
Sample size (n) = 20

Degrees of freedom (n-1) = 19

(4.2-3.47)
to =———=—
2
&
t19 = 163
Calc-t;o = 1.63

Using the t-tables on page 101 the theoretical value is 1.73 (Table-t).
This needs to be compared to the Calc-t.

Note that different authors and teachers of statistics use different lan-

guage to describe the calculated t and the t which is obtained from the
tables. Here we use Calc-t when the number is produced by using the
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formula and we use Table-t when the number is produced by looking at
tables. This nhumber from the tables is also referred to as the theoretical
value of t and also as the critical value of t. In general, this statistic will
be referred to as Critical-t in this book.

One of the benefits of using Excel is to avoid the use of the t-Tables. Ex-
cel will produce the number required faster and more accurately. When
the Excel generated t value is used we have referred to it as the critical t.

Step 5: Compare the test statistic Calc-t = 1.63 to the Critical-t = 1.73.

The rule is that if the absolute value of Calc-t >Critical-t*? then
reject the Null Hypothesis, otherwise do not reject the hypothe-
sis.

A table of t-values is provided in Figure 2.22. These are sometimes re-
ferred to as theoretical values.

0.1 0.05 0.025 0.01 0.005 0.0025 0.001
3.077685 6.313749 12.70615 31.82096 63.6559 127.3211 315.2888
1.886619 2.919987 4302666 6.964547 9.924988 14.08916 22.32846
1637745 2353363 3.182449 4540707 5840848  7.4532 10.21428
1533206 2.131846 2.776451 3.746936 460408 559754 T7.17293
1475885 2015049 2570578 3.36493 4.032117 4773319 5893526
1439755 1.943181 2.446914 3.142668 3.707428 4.316826 5.207548
1414924 1.894578 2364623 2.997949 3.499481 4.029353 4785252
1.396816 1.859548 2.306006 2896468 3.355381 3.832538 4.500762
1383029 1.833114 2262159 2821434 35249343 3.689638 4.29689
10 1.372184 1.812462 2228139 2.763772 3.169262 3581372 4.143658 10
11 1.36343 1.795884 2200986 2718079 3.105815 3.496607 4.024769 11
12 1.356218 1.782287 2.178813 2.68099 3.054538 3428451 3.929599 12
13 1350172 1770932 2160368 2650304 3.012283 3.372479 3.852037 13
14 1.345031 1.761309 2.144789 2.624492 2976849 3325695 3.787427 14
15 1.340605 1.763051 2.131451 2.602483 2.946726 3.286041 3.732857 15
16 1.336757 1.745884 2.119905 2583492 2.920788 3.251989 3.686146 16
17 1333379 1.739606 2109819 2.56694 2.898232 3222449 3645764 17
18 1.330391 1734063 2.100924 2.552379 2.878442 3.196563 3.610476 18
19 1327728 1.723131 2.093025 2.538482 2.860943 31737 3579335 19
20 1325341 1724718 2.085962 2527977 2845336  3.1534 3551831 20
21 1323187 1720744 2079614 2517645 2831366 3.13521 3527093 21
22 1.321237 1717144 2073875 2.508323 2.8187671 3.118839 3.504974 22

W 80 = &Y Ln & L P =k
A
W~ n Bl N AT

Figure 2.22: A published table of one-tailed t-values for specified levels
of significance and degrees of freedom

*2 The value of Table-t which is here extracted from a set of t-tables is also obtainable by
using the appropriate function in Excel and it is sometimes referred to as the critical value
of t.
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Note that this table requires the use of degrees of freedom (dof or df or
v) which are calculated as the sample size minus 1. The degrees of free-
dom are shown in Figure 2.22 in the first column to the left (v) and the
level of significance is the first row in the same figure. The level of sig-
nificance equates to the area under the curve and hence the letter A is
used in the first row in Figure 2.22.

2.10 The =tinv() function

To calculate the Critical-t value used in the hypothesis testing example
above the Excel function =tinv() is used.

=tinv() is used to find the t-value as a function of the probability and the
degrees of freedom.

The format of the function is =tinv(probability, df)

Where
probability=the probability associated with the two-tailed
t test by default.
df = the degrees of freedom which is equal to n-1

The formula in cell B11 in Figure 2.23 uses =tinv()

We can determine the theoretical (Critical-t) value at a specified level of
significance, e.g. for a significance level of 5% the theoretical Critical-t
value for the above example is 1.73. This was produced by entering
=tinv(2*B5,B3-1). As the Calc-t value 1.63 is less than the Critical-t value
1.73 the Null Hypothesis cannot be rejected.

The rule is....if the absolute value of Calc-t >Critical-t then reject.

Note that the t-statistic has been typically used for small samples i.e.
samples containing less than 30 data points. However, for large samples
(i.e. with 30 or more data points) the t-distribution and the normal distri-
bution are almost identical. Thus the t-distribution is sometimes used
across the whole range of values.
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A B C D E F G

1 Population mean 3.47

2 |Sample mean 4,2

3 |Count 20

4 Standard dev. 2

5 Significance level 5%

-]

7 tcalculated 1.632

8 |tcritical value 1.729

9 Decision Do not reject null hypothesis

10

11 B7=ABS(B2-B1)/(B4/SQRT(B3))

12 BB=TINWV(2*BS,B3-1)

13 B9=IF(B7<B8,"Do not reject null hypothesis","Reject null hypothesis")
14

15 As Excel produces two-tailed t-critical values by default,
16 aone-tailed t-critical value can be returned by replacing
17 the probability with 2*probability.

18

Figure 2.23: Using =tinv()

2.11 More examples using the t-statistic

Example 7
To further illustrate these principles some additional examples are now
provided.

Surveys over previous years have revealed that satisfaction with working
conditions at the University was normally distributed with a value of 4.1
on a scale of 1 to 7.

As a result the University has introduced several new initiatives regarding
pay and benefits over the past 2 years.

A new survey of 36 faculty members has been performed and the current
average satisfaction score for the faculty was 4.5. The standard deviation
for this sample is 1.9.

Does the new survey suggest that there is a significant increase in the

level of satisfaction? You want to work at a level of confidence of 95%
which is the reciprocal of a level of significance of 5%.
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Steps in the Solution
Step 1: State the Null Hypothesis and the Alternative Hypothesis

The Null Hypothesis Ho: H=4.1
The Alternative Hi: u>4.1

Step 2: Decide on the test statistic, the level of significance and deter-
mine whether it is a one-tailed or two-tailed test.

The t-statistic is chosen although the sample size is greater than 30 but
the value of o is unknown. This is a one-tailed test as we are interested
in an alternative hypothesis that u>4.1 which indicates a bias in one di-
rection.

Level of significance o = 0.05 or 5%

Step 3: Calculate the value of t.

Step 4: Use the test statistic (remember the degrees of freedom is the
sample size (36) minus 1).

The rule is....if the absolute value of Calc-t >Critical-t then reject.

From t-tables (see Appendix 2) or from Excel we see that t3; (o0 = 0.05)
= 1.69. As our calculated t=1.25 the Null Hypothesis cannot be rejected
at the 5% level of significance. Therefore, there does not seem to have
been any improvement in the faculty’s perception of working conditions.
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Excel can be used to perform the calculations in this example, as shown
in Figure 2.24. In this spreadsheet the data supplied in this example are
entered in column B from row 1 to 5. These are the population mean of
4.1, the sample mean of 4.5, the sample size (which is called the count in
Excel) of 36, the standard deviation of 1.9 and the reciprocal of the level
of significance (called the confidence level) which is 95%.

|—

A B C D E F (€]

1 Population mean 4.1

2 Sample mean 4.5

3 Count 36

4 Standard dev. 1.9

5 Significance level 5%

6

7 |t calculated 1.263

8 |t critical value 1.69

9 | Decision Do not reject null hypothesis

= |
= |2

B7 = ABS(B2-B1)/(B4/SQRT(B3))
B8=TINV(2*B5,B3-1)
B9=IF(B7<B8,"Do not reject null hypothesis","Reject null hypothesis")

== |
Bk

Figure 2.24: Excel spreadsheet for Example 7 designed to perform a t-
test at the 5% level of significance.

The calculated t-value is shown in cell B7 and is 1.263.

The rule now becomes.... if the absolute value of Calc-t >Criti-
cal-t then reject.

Note the term probability in Excel is synonymous with the term level of
confidence, which in turn is related to the level of significance. Also note
that the =tinv() performs a 2-tailed test and therefore it is necessary
to multiply the probability by 2 before it works in a 1-tailed environment.
The t-critical value is shown in cell B8 and is 1.690.

In cell B9 the =if() function is used to interpret the results of the calcula-
tion and the table value. Note the format of the =if() in excel is

=if(logical_test,value_if_true,value_if_false)

It is useful to now consider whether the Null Hypothesis could be re-
jected at the 10% level. From the tables or from the computer we see
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that t35 (00=0.10) = 1.306. Therefore the Null Hypothesis cannot be re-
jected at the 10% level of significance either.

The Excel calculations are shown in Figure 2.25:

|a—

A | B ] ¢ I o | e | £ | @

1 |Population mean 4.1

2 |Sample mean 4.5

3 Count 36

4 Standard dev. 1.9

5 |Significance level 10%

6

7 |tcalculated 1.263

8 tcritical value 1.306

9 |Decision Do not reject null hypothesis
10

11 B7 = ABS(B2-B1)/(B4/SQRT(B3))

12 B8=TINV(2%B5,B3-1)

13 B9=IF(B7<B8,"Do not reject null hypothesis","Reject null hypothesis")

=
F

3
n

Figure 2.25: Excel spreadsheet for example number 7 designed to per-
form a t-test at the 10% level of significance.

Example 8
Surveys over previous years have revealed that the mean satisfaction
with working conditions at the University was 4.1 on a scale of 1 to 7.

As a result the University has introduced several new initiatives regarding
pay and benefits over the past 2 years.

A new survey of 36 faculty members has been performed and the current
average satisfaction score for the faculty was 5.5. The standard deviation
for this sample is 1.9.

Does the new survey reveal that there is a significant increase in the level
of satisfaction? You want to work at a significance level of 5%.

Steps in the Solution
Step 1: State the Null Hypothesis and the Alternative Hypothesis

Null Hypothesis Ho: pM=4.1 and
Alternative Hypothesis Hj: u>4.1
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Step 2: Decide on the test statistic, the level of significance and deter-
mine whether it is a one-tailed or two-tailed test.

The t-statistic is chosen as the sample size is greater than 30 but the

value of o is unknown. This is a one-tailed test as we are interested in an
alternative hypothesis that u>4.1 which indicates a bias in one direction.

Level of significance o = 0.05 or 5%

Step 3: Calculate the t.

) 1.4
¥ 032

Calc-t3; =4.4

Step 4: Use the test statistic (remember the degrees of freedom is the
sample size 36-1=35).

The rule is....if the absolute value of Calc-t >Critical-t then reject.

From t-tables (page 100) or from the computer we see that t35 (a=0.10)
= 1.690. As our Calc-t = 4.4 the Null Hypothesis can be rejected. There-
fore there seems to have been an improvement in the faculty’s percep-
tion of working conditions.

Figure 2.26 shows how this example would be calculated using Excel.
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A B
Population mean 41
Sample mean 55
Count 36
Standard dev. 1.9
Significance level 5%

t calculated 4.4
t critical value 1.690
Decision Reject null hypothesis

B7 = ABS(B2-B1)/(B4/SQRT(B3)

B = TINV(2*B5,B3-1)

B9 = IF(B7<B8,"Do not reject null
hypothesis”,"Reject null hypothesis")

==k | | = | =2
mhmm_‘ammﬂmmhmm_.

Figure 2.26: Excel spreadsheet for Example 8

2.12 Paired samples t-test to compare means

The paired samples t-test is used to compare the values of means from
two related samples. One of the most important applications of this is the
'before and after' scenario. In such cases the difference between the
means of the samples is not likely to be equal to zero as there will be
sampling variation. The Hypothesis test will answer the question "Is the
observed difference sufficiently large to reject the Null Hypothesis?"

In Figure 2.27 below the examination scores for 10 candidates have been
recorded before and after the candidates participated in a revision
course. The scores are shown in Rows 3 and 4 of the spreadsheet. It is
important to note that under these circumstances the data is not consid-
ered independent.

Does this evidence suggest that the revision course had an effect on the
performance of the candidates?

Note that in this case we are looking at the same sample before and after
an intervention.

Steps in the Solution
Step 1 — Pair the data: Subtract the scores before and after the inter-

vention (revision course). Average the differences and calculate their
standard deviation. This is shown as the Difference in Figure 2.27 below.
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A B C D E F G H I ] K L

1 Candidates 1 2 3 4 5 71 7 8 9 10
2 Score before 38 41 52 27 18 19 14 50 38 40
3 |Score after 40 45 49 30 24 24 19 43 36 39
4 Difference 2 4 -3 3 6 5 5 -1 -2 -1
5

Figure 2.27: The data is paired

d is defined as the “score after” minus the “score before”.
i.e. d= Xbefore - Xafter

d=1.8 where d =mean of the values of d
sq =3.293  where s, = standard deviation of the values of d

Step 2: State the Null Hypothesis and the Alternative Hypothesis

The Null Hypothesis Ho: uy =0.0
The Alternative Hypothesis Hi: g >0.0

Step 3: Decide on the test statistic, the level of significance and deter-
mine whether it is a one-tailed or two-tailed test.

The t-statistic is chosen because the sample size <30. This is a one-tailed
test as we are interested in an alternative hypothesis that u, > 0.0

which indicates a bias in one direction.
Level of significance oo = 0.05 or 5%

Step 4: Calculate the t-statistic.

t — X_IUO
n-1 E
n
_(1.8-0)
n-17 73293
J10
Calc-tg =1.73

Step 5: Use the test statistic (remember the degrees of freedom is the
sample size (10) minus 1)).
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The rule is....if the absolute value of Calc-t >Critical-t then reject.

From Excel (or from the tables on P101) we see that Critical-ty=1.833. As
our calc-t = 1.73 the Null Hypothesis cannot be rejected. Therefore it
seems that there is insufficient evidence to suggest that the revision
course was effective.

The Excel calculations are shown in Figure 2.28.

A B C D E F G H | J K L
1 |Candidates 1 2 3 4 5 6 7 8 9 10
2 Score before 38 41 52 27 18 19 14 50 38 40
3 |Score after 40 45 49 30 24 24 19 49 36 39
4 |Difference 2 4 -3 3 6 5 5 -1 -2 -1
5
6 Average difference L8
7 |Standard dev. 3.293
8 |Count 10
9 |significance level 5%
10
11 't calculated 1.728
12 |t critical value 1.833
13 |Decision Do not reject null hypothesis

14
15 B6=AVERAGE(B4:K4)

16 B7=STDEV(B4:K4)

17 B11=ABS(B6-0)/(B7/SQRT(B8))

18 B12=TINV(2*BS,B8-1)

19 B13=IF(B7<B8&,"Do not reject null hypothesis","Reject null hypothesis")
20

Figure 2.28: Excel spreadsheet showing hypothesis testing for a paired
t-test

2.13 The t-test for independent samples

In most cases, samples will be independent rather than paired, and if we
want to test the significance of the difference between their means, we
must use a different method to the one presented above.

For example, the senior management of University A claim that on aver-
age their reward package is better than the reward package offered by
their competitor University B. A random sample of 20 employees from
University A and a random sample of 30 employees from University B
were asked to score on several dimensions the reward scheme offered to
them and the following scores were recorded as shown in Figure 2.29.
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University A scores University B scores
121 125 125 122 135
120 120 125 130 130
119 125 140 130 130
100 140 90 135 135
128 120 140 150 130
122 120 100 130 150
119 87 90 145 89
115 93 100 125 140
125 126 110 128 130
125 120 135 128 80

Figure 2.29: Independent data which is not paired i.e. two different
samples of different sizes®.

Does this evidence substantiate University A’s claim? You should work at
a significance level of 5%*.

Steps in the Solution

Step 1: Calculate the mean, the standard deviation and the variance
(the standard deviation squared i.e. S?) for each sample.

X,=118.5 S, =12.15 S2 =147.63
X, =124.23 S, =17.71 S3=1350.19
Step 2: State the Null Hypothesis and the Alternative Hypothesis.

We will test the Null Hypothesis that there is no difference between the
mean scores of the reward packages offered, against the alternative hy-
pothesis that University A’s reward package is better than University B’'s
reward package:

Null hypothesis Ho: H1= M2
Alternative hypothesis H;: M1> M2

3 For two samples to be independent they do not have to be of different sizes.

* This test using independent samples relies on an assumption of equal variances and
these need to be tested for in advance by means of the F-test. If both samples have more
than 30 data elements this is unnecessary.
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As we are in fact assuming that both samples have been drawn from the
same population, the estimated variance of this population (or pooled
variance) is:

; (i =1)*s +(ny = 1)*s,°

Szpooled =
ny+n, -2
32 o = (20-1)*147.63 +(30-1)*350.19
poee 20+30-2

§2poo/ed = 27001

Step 3: Decide on the test statistic, the level of significance and deter-
mine whether it is a one-tailed or two-tailed test.

The t-statistic is chosen as the value of a is not known and S is used as
an estimate. This is a one-tailed test as we are interested in an alterna-
tive hypothesis that p;> p, which indicates a bias in one direction.

Level of significance oo = 0.05 or 5%
Here the df is (n;+n,-2).

Step 4: Calculate the t.

t ) X, — X,
(m+ny,-2) — ] ]
\/Szpooled ( + J
ny Ny
118.5-124.23
t20430-2) = y y
270.01 — + —
20 30
Calc-tyg= - 1.209

Step 5: Use the test statistic (remember the degrees of freedom).
The rule is....if the absolute value of Calc-t >Critical-t then reject.

From t-tables on Page 101 or from the computer we see that Critical-tyg
(a=0.05) = 1.677. As our calc-t = 1.209 the test statistic is not signifi-
cant and the Null Hypothesis cannot be rejected. Therefore there is insuf-
ficient evidence to suggest that the University A’s reward package is bet-
ter. The calculations in Excel are shown in Figure 2.30 below.
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[

A B C D E F G

1 A B A B
2 Mean 118.50 124.23 121 125
3 |Standard dev. 12,15 18.71 120 125
4 Significance level 5% 115 140
5 |t-test: Two samples assuming equal variances 100 50
6 A B 128 140
7 Observations 20 30 122 100
8 Variance 147.63 350,19 119 90
9 |Pooled variance 270.01 115 100
10 Hypothesized mean difference 0 125 110
11 |df 48 125 135
12 \tcalculated 1.209 125 135
13 |t critical value 1.677 120 130
14 |P(T<=t) one-tail 0.116 125 130
15 140 135
16 Decision Do not reject null hypothesis 120 130
17 120 150
18 B7=COUNT(E2:E31) 87 89
19 B8=VAR(E2:E21) 93 140
20 B9=((B7-1)*B3"2+(C7-1)*C3/2)/((B7-1)+(C7-1)) 126 130
21 Bl1=B7+C7-2 120 80
22 B12=ABS(B2-C2)/SQRT((B9*(1/B7+1/CT7))) 122
23 B13=TINV(2*B4,B11) 130
24 B14=TDIST(B12,B11,1) 130
25 135
26 Notice that the two samplemean values (variance)are 150
27 |118.5(147.63 and 130.33(261.95). The one-tailed calculated 130
28 t-statistic is 1.209 and the highlighted p-value for this test is 145
29 P=0.116. Since the p-value is higher than 0.05, this does 125
30 not provide evidence to reject the null hypothesis of equal 128
31 means at the 5% level of significance. 128
32

Figure 2.30: Excel spreadsheet with hypothesis testing for independent
samples.

2.14 Right-tailed and Left-tailed hypothesis tests

All the examples above used only one-tailed t tests. These tests took the
form of Null Hypothesis Hy: pl= p2 and Alternative Hypothesis H;: p1>
M2. These tests are referred to as right-tailed tests. If the tests had the
form of Null Hypothesis Hq: pl= p2 and Alternative Hypothesis H;: pl<
M2 then the tests are referred to as left-tailed tests.

Figure 2.31 shows a graph of a right-tailed test and Figure 2.32 shows a
graph of a left-tailed test.
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Figure 2.31: A right-tailed test

N\

-1.59 0
Figure 2.32: A left-tailed test

2.15 Two-tailed Hypothesis tests

A two-tailed test is carried out when the researcher is looking for any
change from an expected result, not specifically an increase or a de-
crease.

These tests take the form of a Null Hypothesis Hy: pl= p2 and the Alter-

native Hypothesis H;: pl# p2. These tests are referred to as two-tailed
tests.

If the significance level is o %, then the critical region is in two parts,
half in the lower tail and half in the upper tail.

Figure 2.33 shows that the calculated statistic could be either larger or
smaller than the table/Excel statistic.
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Reject hypothesis |

4—

Reiect hvpothesis

S

|
|
|
|
2.5%
|
|
|

-1.96 0 1.96
Figure 2.33: A two-tailed test where Z-values 1.96 and -1.96 define the

critical regions (shaded in grey above) with an O of 0.05 that is 0.025 in
each tail.

As an example, in the past the mean performance score for employees
was 60 on a 100 point scale*. We have introduced a new controversial
training programme which has been opposed by some unions and we
wish to establish whether this has had any impact on the employees’ per-
formance. We take a single sample of 25 observations with a mean score
of 55 and a standard deviation of 15.

We want to test to see if the new mean is significantly different from the
original at the 5% level of significance.

Steps in the solution

Step 1: Research question is....Is the new mean significantly different to
the old mean?

State the Null Hypothesis and the Alternative Hypothesis

Null Hypothesis Ho: M =60 and
Alternative Hypothesis H;: M #60

Step 2: Decide on the test statistic, the level of significance and deter-
mine whether it is a one-tailed or two-tailed test.

* We are assuming that the true standard deviation, i.e. the population standard deviation
is not known.
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The t-statistic is chosen as the sample size is less than 30 and the value
of ¢ is unknown. This is a two-tailed test as we are interested in an alter-
native hypothesis where pu#60.

Level of significance oo = 0.05 or 5%.

Step 3: Calculate the t-statistic.

o X )
n-1 s

Jn
. _(55-60)
24 15
J25

Absolute Calc —ty,, =-1.67

When consulting Critical-t we can see that it only provides the area in the
right hand tail of the distribution. Thus as we are using a two-tailed test
with a 5% significance, we need to look for 2.5% in either tail. This
means that we consult the t-tables for df=24 and 2.5%. This returns a
value of 2.06.

Thus use the rule ... If the absolute value of Calc-t>Critical-t then
reject.

Step 4: Since the absolute value of -1.67 is < Critical-t, we do not reject
the Null Hypothesis. This is translated into the fact that the new contro-
versial training programme does not appear to have had any significant
impact on performance.

Figure 2.34 shows the above example in Excel.
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A B

1 Sample mean 55
2 Mew mean G0
3 Count 25
4 | Standard dev. 15
5 Significance level 5%
B

7 |t calculated 1.667
8 |t crtical value 2.064
9 Decision Do not reject null hypothesis
10

11 ||B7 = ABS(B2-B1)/(B4/5SQRT(B3))

12 ||B8 = TINV(B3,B3-1)

13 ||BY = IF(B7<B8,"Do not reject null

14  [hypothesis”,"Reject null hypothesis”)

15

Figure 2.34: Two-tailed test

Note that the formula in cell B8 does not require the probability to be
multiplied by 2 as Excel defaults to a two-tailed test.

2.16 The use of P-values

The P-value, which is increasingly supplied as an integral part of com-
puter reports is effectively a short cut for hypothesis testing. The P-value
is a probability value and thus it has to be between 0 and 1.

The P-value associated with a test is the probability that we obtain the
observed value of the test statistic or a value greater in the direction of
the alternative hypothesis calculated when the Null Hypothesis is true
(has not been rejected).

The P-value is an estimate of erroneously rejecting the Null Hypothesis
on the basis of the sample data. This applies to both one and two-tailed
tests.

In the case of a one-tailed test we determine the area under the t-
distribution in the appropriate direction. To do this we determine the
value from the tables.

For the previous example involving a two-tailed test we can now deter-
mine the P-value as follows.
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Steps in the solution
The required P-value is the area A; + A, under the curve as shown in

Figure 2.35. This includes the area to the left of the calculated t-value -
1.67, but also the area to the right of 1.67 as the test is two-tailed.

A, A,

-1..67 0 1..67
Figure 2.35: Required area for the two-tailed test when t-calc = + 1.67.

As the graph is symmetrical, the required area A; + A, = 2* A,. We now
calculate the area A, as follows using linear interpolation.

Step 1: From the t-tables on p.101, it is noted that it is not possible to
find an exact area for the number 1.67 with 24 degrees of freedom.

Step 2: Linear interpolation

1.67 lies between 1.3278 (representing an area of 10%) and 1.7109
(representing an area of 5%) as shown in Figure 2.36.

13278 17100

Figure 2.36: Areas under the curve representing 10% and 5%
The difference between these areas = 10% - 5% = 5%

Step 3: The area between 1.3278 and 1.67 is now calculated as a frac-
tion of 5% (.05).
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Aroa ~ 16713178,
1.7109 - 1.3178

=.04479
=4.479%

This value is represented by the shaded area in Figure 2.37.

4.479%

13278 167

Figure 2.37: Area under the curve between 1.378 and 1.67.

Step 4: Finally, the required area A, (to the right of 1.67) is now ob-
tained by subtracting 4.479% from 10% (area to the right of 1.3278).

A, = 10.00 — 4.479 = 5.521%
This corresponds to a P-value of 0.5521

Step 5: As we have a two-tailed test, the associated P-value will be 2*
A, =2*.05521 = .1104 or 11.04%.

Step 6: Comparing the P-value with the level of significance 0.05 (5%)
and as the P-value is greater than the level of significance we conclude
that there is not support for rejecting the Null Hypothesis. If the hy-
pothesis is rejected then there is a one in eleven chance that this deci-
sion is incorrect, which is higher than the one in 20 (P=0.05) that we are
working with in this example and which is traditionally used.

The P-value is another way of thinking about statistical significance. The
P-value gives us the level of confidence with which we can reject the Null
Hypothesis. If we were to reject the Null Hypothesis in this example we
would expect to find that 11 times out of 100 we would be in error. One
way of recalling the application of the P-value is to remember If the P-
value is low then the hypothesis must go!
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P-values have only been in regular use in recent years. The reason for
this is that it was formerly believed that the significance level should be
decided for a test before the data analysis was performed. The reason
for this was that the result of the test should be decided exclusively on
the pre-chosen significance level. It was believed that if the P-value was
known and the results of the test were marginal, researchers might
change the significance level to suit their objectives and comply with the
data.

2.17 A test for the normal distribution

In this book we have referred to data being normally distributed which is
an assumption we need to make in order to be able to use the Z-test and
the t-test. However we have not yet addressed the issue of how one
might know if it is reasonable to assume that a given data set is normally
distributed. We will use two different approaches to consider this matter.
The first is the shape of the graph of the data and the second is the
value of a series of statistics including the coefficient of skewness and
kurtosis.

Data distributions which are skewed would not be considered normally
distributed. Two examples of skewed data distributions are given in Fig-
ure 2.38 and Figure 2.39.

In Figure 2.38 the data distribution is skewed negatively which means
that the mean is to the left of the median.
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Figure 2.38: A negatively skewed distribution.

In Figure 2.39 the data distribution is skewed positively which means that
the mean is to the right of the median.
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Figure 2.39: A positively skewed distribution.

The data as represented by these graphs could not be treated as nor-
mally distributed.

Consider the following set of 30 data points or elements.

[

alelclolelrleg][H]1] 1

4 3 3 4 4 4 5
5 6 6 6 5 5 5
3 02 1 11 4

Figure 2.40: Sample of data

The first task is to graph this data set as a bar chart. To do this move the
data into one row and then highlight this line and chose the Bar Chart
option from the Chart Wizard. The bar chart will appear as shown in
Figure 2.41.
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1 2 3

Figure 2.41: A bar chart of the data

One of the main characteristics of a normal distribution is that the data is
distributed under a bell shaped curve which is symmetrical i.e. it will give
an equal number of data points on each side of a central point which is
determined by the mean. From Figure 2.41 it may be seen that the data
is approximately bell shaped. There is no one central data point in this
data and there are more data points to the right of the centre of the data

than there are to the left.

By eyeballing the bar chart we can see that the distribution of the data is
not perfectly normal. However, the bar chart is approximately normal and
therefore we should look at some of the other indicators of a normal dis-

tribution.

The first statistics we consider are the mean, median and the mode.

Mean 3.9
Median | 4
Mode 5

Figure 2.42: Measures of average

If a data distribution is normal then the mean, the median and the mode
should be equal. Clearly this is not the case. However there is not a great
difference between the values of these three statistics.
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The next step is to calculate the coefficient of skewness and kurtosis.

Skewness | 0.3
Kurtosis 1.3

Figure 2.43: Measures of shape

A normal distribution will have a skewness coefficient of 0 and thus the
above score of 0.3 approximates a normal distribution.

A normal distribution will have a kurtosis coefficient of 1.3 if calculated in
Excel and thus the above score of 1.3 is close to a normal distribution.

The question now is, although the above data set is not strictly normal,
does it sufficiently approximate a normal distribution to allow the tech-
niques that assume the normal distribution to be used?

In general the normal distribution techniques are often sufficiently robust
to be usable with the above data. If it were decided that a more formal
test for normality was required other techniques could be used.

In the social sciences, many scales and measures have scores that are
positively or negatively skewed. This could reflect the underlying con-
struct being measured as might be the case when respondents record
their scores on life satisfaction questionnaire items giving rise to a nega-
tive skew for the distribution, with the majority of the respondents being
reasonably happy with their situation in life. The incomes of salary earn-
ers are generally positively skewed with most earners at the lower end of
the scale.

There are more formal ways of deciding if a data set is normally distrib-
uted. One of these includes the use of the chi-square test and this is be-
yond the scope of the book.

2.18 Summary-Part 2

This Part moves the learner from relatively simple statistical concepts
towards the more powerful ideas and techniques. The material here in-
troduces the learner to inferential statistics. This has been done by ad-
dressing data distributions and then moving on to the probability distribu-
tion which is most frequently used i.e. the normal distribution and the
use of the Z score. Estimation, both point and interval, has also been ad-
dressed. The use of the t-distribution has been demonstrated.
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The central concept of hypothesis testing is then examined and applied
to paired t-tests and t-tests on independent samples.

The earlier section of this Part only addresses one-tailed tests and so to-
wards the end, two-tailed tests are introduced as are the P-value and a
test to establish if a data set is normally distributed.

This Part of the book relies on the use of a material nhumber of worked
examples as this is the way that learners will acquire the skills needed to
be proficient with these techniques.

Readers are reminded to save their workings in Excel and to make paper
copies or printouts where they require further backup.

123



List of Excel functions used for the first time in this Part of the
book.

Function Result

=frequency() | This is an array function which calculates how often
values occur for a specified range of values.

=normdist() Calculates the P-values for the Normal Distribution.
This is a one-tailed probability.

=tdist() Calculates the P-values for the t Distribution

=tinv() Calculated the theoretical or table values from the t-
Distribution. This is two-tailed.

=abs() Returns the absolute or positive value of a calculation
irrespective of the result of the calculation.

More details of these functions are provided in the Help command within
the spreadsheet.
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Self test 2

No. | Question Answer

1 What is a data frequency table?

2 What is a useful heuristic for
calculating the width of a data
interval for a frequency table?

3 Give 4 characteristics of a nor-
mal distribution.

4 What do we mean by a stan-
dardized normal distribution?

5 Define the Z-score?

6 What are normal distribution
tables?

7 Define the term test statistic.

8 What is the Null Hypothesis?

9 When can we say we have
proved the Null Hypothesis?

10 | Explain the meaning of [
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No. | Question Answer

11 | Explain the meaning of O

12 Explain the meaning of X

13 | When is the t-test preferable to
a Z-test?

14 | What is meant by paired t-
tests?

15 | When is a t-test said to be in-
dependent?

16 | What does it mean to say that
the hypothesis is always a
claim?

17 | What does the theoretical value
of t mean?

18 | What does a P-value of 0.05
mean?

19 | When is it necessary to use a
two-tailed test?

20 | In what ways are normal distri-

bution and the t-distribution
similar and in what way do they
differ?
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Assignment No 2

1.

2.

vk

® N

What is the difference between sample statistics and population pa-
rameters?

What do you understand by point estimation and interval estima-
tion?

How do you interpret the confidence levels associated with interval
estimation?

What do you understand by the term “level of significance™?

What is the difference between statistical significance and practi-
cal significance?

Given that a new process does not appear to have an adequate
level of output how would you formulate and express a Null Hy-
pothesis and an Alternative Hypothesis? How would you design
such a study?

Explain the difference between a one-tailed and a two-tailed test.
A new approach to instructing students is adopted by the Insti-
tute. You are asked to design a test to establish if it has had an
impact on the performance of the students. Is this going to be a
one-tailed or a two-tailed hypothesis test?

Additional exercises

LTI - R R - TR R R FER S T S

CN T S TR N e

1.

Display the data below as a frequency distribution and draw an
appropriate graph of the frequency distribution.

B o D E F G H [ J

4 29 113 121 168 106 56 33 180 58
56 63 113 170 89 138 117 47 77 170
52 195 29 106 118 70 116 97 149 135
180 33 78 151 86 42 7 175 81 182
36 BN 98 124 72 150 193 128 103 39
109 111 145 103 173 192 107 156 172 1
134 157 78 160 43 85 138 161 91 138
183 193 51 79 130 188 &8 52 113 108
155 111 165 132 37 184 75 20 29 150
10 150 61 97 77 97 174 60 68 11
18 27 150 191 194 146 37 33 L 46
EX 73 1 145 96 60 152 8 154 135
46 193 36 103 80 28 110 50 17 5
188 14 86 159 149 150 41 151 24 134
149 165 91 117 - 35 119 115 92 33
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What heuristic have you used to establish the width of the inter-
vals you have used? Produce a second frequency distribution and
graph using this data and comment on the difference between
them.

Using the data supplied below comment on whether you would
consider this data set to be normally distributed. Explain your an-
swer.

1 2 3 4 5 6 6 6 7 7
7 8 8 8 8 7 7 7 7 6
6 6 5 4 3 2 2 2 2

The number of pupils completing their secondary education in
the county each year is normally distributed with mean 14000
and standard deviation 750. What is the probability that 16000
will complete their secondary education this year?

Sean is in a large school where the scores for mathematics are
normally distributed with a mean (/) of 55 and a standard de-

viation (0) of 10. Sean has passed his mathematics exam with a
score of 80. Carole is from a similar school where the scores for
mathematics are normally distributed but they take a different
examination which has a mean of 30 and a standard deviation of
5. Carole’s score is 42. Who has done better in the mathematics
exams?

Explain the meaning of the Null Hypothesis (H;) and the Alterna-
tive Hypothesis (H;).

The Widget Company Limited has been making widgets for many
years and its output is normally distributed. Historical records
show that the mean weight of widgets is 350 and the standard
deviation is 50. A new widget is produced with a weight of 450.
With a significance level of 5% is there support to claim that the
450 widget belongs to the same group as the others?

A group of 10 students is asked to rate the quality of the food in
the student refectory on a scale of 1 to 10 where 1 is very poor
and 10 is excellent. The replies of the students are shown below.
A new supervisor is appointed in the student refectory and he in-
troduces a new menu as well as a more friendly attitude towards
the students. The opinions of the same group of students are
canvassed again and the results of the second set of interviews
are also shown below. Is there evidence to support the hypothe-
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sis that the new supervisor has improved the students’ rating of
the refectory? Work at a significance level of 5%.

S1 S2 53 5S4 S5 S6 S7 S8 59 510

Test before intervention 4 5 3 6 5 4 3 4 3 3
Test after interverntion 4 3 6 6 7 6 5 6 4 4
9. The IQ of physics graduates is recorded at two different universi-
ties. At the first university there are 20 physics graduates and at
the second university there are 25 physics graduates this year.
Using the data supplied below examine the hypothesis that the
graduates from the first university have scored better in their IQ
tests. Work at a significance level of 5%.
University A 123 170 130 160 173 170 142 126 148 143
144 166 166 152 167 147 144 162 139 148
University B 152 169 156 175 169 136 173 158 135 139
155 149 174 167 146 172 159 139 136 142
155 146 169 172 172

10. Explain why some researchers or statisticians believe that using

the t-test for hypothesis testing is better than using the Z-score.

11. A factory produces widgets with a mean diameter of 160 mm

and a standard deviation of 11mm. New technology has been in-
troduced and is supposed to improve the accuracy of our proc-
ess. We take a sample of 25 widgets with a mean of 155 and a
standard deviation of 15. Has our process been improved? Work
at a significance level of 5%.

12. Under what set of circumstances may a researcher say that

he/she has proved his/her hypothesis?

13. Explain the importance of the P-value.

14. Formulate a Null Hypothesis and Alternative Hypothesis which

will require a two-tailed test.

15. How might a researcher test a data set in order to establish if it

is normally distributed?
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A Note on Excel Functions

There are approximately 365 functions in Excel which are divided into 11
categories. In addition it is possible to purchase more in the form of add-
ins which extend the power of the spreadsheet.

Excel provides some help in choosing the right function by using the In-
sert Function commands but to employ functions effectively you need to
be acquainted with the mathematics behind the function.

G | H | 1 | J | Kk | L | M
1=
2
| 3 |
4
M Insert Function E]EJ
B
7 Search For a Function:
o] Tvpe a brief description of what vou want to do and then
g click Go
10 Qr select a category: | All {\7
11 ) -
12 Select a Function: e
13 Date & Time —
14 Accrint Math & Trig
15 Accrinkm Lookup & Reference
16 | |ACCRINTM Database
ACOSH Luglcal ) L
18 Information
19| ABS(number) User Defined
0 Returns the absolute {Engineering * [s sign.
21
22
x| Help on this Function [ 0K ] [ Cancel ]
24

The form of an Excel function is always =FunctionName(Argument)
where the Argument may be a cell, a group of cells or other forms of
data.
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