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One-Way Analysis of Variance

◼ Evaluate the difference among the means of three 

or more groups

Examples:  Average production for 1st, 2nd, and 3rd shifts

                   Expected mileage for five brands of tires

◼ Assumptions

◼ Populations are normally distributed

◼ Populations have equal variances

◼ Samples are randomly and independently drawn
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Hypotheses of One-Way ANOVA

◼  

◼ All population means are equal 

◼ i.e., no variation in means between groups

◼  

◼ At least one population mean is different 

◼ i.e., there is variation between groups 

◼ Does not mean that all population means are different 

(some pairs may be the same) 

K3210 μμμμ:H ==== 

pair  ji,  one least at forμμ:H ji1 
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One-Way ANOVA 

All Means are the same:

The Null Hypothesis is True 

(No variation between 
groups)

K3210 μμμμ:H ==== 

same the are μ all Not:H i1

321 μμμ ==
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One-Way ANOVA 

At least one mean is different:

The Null Hypothesis is NOT true 

(Variation is present between groups)

321 μμμ = 321 μμμ 

or

(continued)

K3210 μμμμ:H ==== 

same the are μ all Not:H i1
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Variability

◼ The variability of the data is key factor to test the 
equality of means

◼ In each case below, the means may look different, but a 
large variation within groups in  B  makes the evidence 
that the means are different weak

Small variation within groups

A           B           C

          Group

A           B           C

          Group

Large variation within groups

A B
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Partitioning the Variation

◼ Total variation can be split into two parts:

SST = Total Sum of Squares

  Total Variation = the aggregate dispersion of the individual

      data values across the various groups 

SSW = Sum of Squares Within Groups

  Within-Group Variation = dispersion that exists among the

       data values within a particular group 

SSB = Sum of Squares Between Groups

  Between-Group Variation = dispersion between the group

           sample means 

SST = SSW + SSB
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Partition of Total Variation

Variation due to 

differences 

between groups 

(SSB)

Variation due to 

random sampling 

(SSW)

Total Sum of Squares 

(SST)

= +

Ch. 15-11



Total Sum of Squares

Where:

 SST = Total sum of squares

 K = number of groups (levels or treatments)

 ni = number of observations in group i

 xij = jth observation from group i

  x = overall sample mean

SST  = SSW + SSB


= =

−=
K

1i

n

1j

2

ij

i

)x(xSST
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Total Variation

Group 1 Group 2 Group 3

Response, X

2

Kn

2

12

2

11 )x(x...)x(X)x(xSST
K
−++−+−=

(continued)

x
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Within-Group Variation

Where:

 SSW = Sum of squares within groups

 K = number of groups

 ni = sample size from group i

  xi = sample mean from group i

 xij = jth observation in group i

SST = SSW + SSB


= =

−=
K

1i

n

1j

2

iij

i

)x(xSSW
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Within-Group Variation

Summing the variation 

within each group and then 

adding over all groups Kn

SSW
MSW

−
=

Mean Square Within = 

SSW/degrees of freedom

(continued)


= =

−=
K

1i

n

1j

2

iij

i

)x(xSSW

iμ
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Within-Group Variation

Group 1 Group 2 Group 3

Response, X

2

KKn

2

112

2

111 )x(x...)x(x)x(xSSW
K
−++−+−=

(continued)

1x 2x
3x
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Between-Group Variation

Where:

 SSB = Sum of squares between groups

 K = number of groups

 ni = sample size from group i

  xi = sample mean from group i

  x = grand mean (mean of all data values)

SST = SSW + SSB
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Between-Group Variation

Variation Due to 

Differences Between Groups

Mean Square Between Groups 

= SSG/degrees of freedom

(continued)

iμ jμ

Ch. 15-18



Between-Group Variation

Group 1 Group 2 Group 3

Response, X

2

KK

2

22

2

11 )xx(n...)xx(n)xx(nSSG −++−+−=

(continued)

1x 2x
3x

x
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Obtaining the Mean Squares

Kn

SSW
MSW

−
=

1n

SST
MST

−
=
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One-Way ANOVA Table

Source of 

Variation
dfSS MS

(Variance)

Between 

Groups
SSB MSB =

Within 

Groups
n - KSSW MSW =

Total n - 1
SST =

SSG+SSW

K - 1
MSB

MSW

F ratio

K = number of groups

n = sum of the sample sizes from all groups

df = degrees of freedom

SSB

K - 1

SSW

n - K

F =
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One-Factor ANOVA
F Test Statistic

◼ Test statistic

 

  MSB is mean squares between variances

  MSW is mean squares within variances

◼ Degrees of freedom

◼ df1 = K – 1        (K = number of groups)

◼ df2 = n – K        (n = sum of sample sizes from all groups)

H0: μ1= μ2 = … = μK

H1: At least two population means are different
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Interpreting the F Statistic

◼ The F statistic is the ratio of the between 
estimate of variance and the within estimate 
of variance
◼ The ratio must always be positive

◼  df1 = K -1 will typically be small

◼  df2 = n - K  will typically be large

Decision Rule:

▪ Reject  H0 if  

  F > FK-1,n-K, 0 

 = .05

Reject H0Do not 
reject H0

FK-1,n-K, 
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One-Factor ANOVA 
F Test Example

You want to see if three 

different golf clubs yield 

different distances. You 

randomly select five 

measurements from trials on 

an automated driving 

machine for each club. At the 

.05 significance level, is there 

a difference in mean 

distance?

Club 1    Club 2    Club 3

 254      234        200

 263      218        222

 241      235        197

 237      227        206

 251      216        204
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One-Factor ANOVA Example: 
Scatter Diagram

•
•
••

•

270

260

250

240

230

220

210

200

190

•
•

•
•

•

••

•

••

Distance

227.0  x

205.8 x   226.0x   249.2x 321

=

===

Club 1    Club 2    Club 3

 254      234        200

 263      218        222

 241      235        197

 237      227        206

 251      216        204

Club
1            2            3

1x

2x

3x

x
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One-Factor ANOVA Example 
Computations

Club 1    Club 2    Club 3

 254      234        200

 263      218        222

 241      235        197

 237      227        206

 251      216        204

x1 = 249.2

x2 = 226.0

x3 = 205.8

x = 227.0

n1 = 5

n2 = 5

n3 = 5

n = 15

K = 3

SSB =  5 (249.2 – 227)2 + 5 (226 – 227)2 + 5 (205.8 – 227)2  = 4716.4

SSW =  (254 – 249.2)2 + (263 – 249.2)2 +…+ (204 – 205.8)2 = 1119.6

MSB = 4716.4 / (3-1) = 2358.2

MSW = 1119.6 / (15-3) = 93.3
25.275

93.3

2358.2
F ==
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One-Factor ANOVA Example 
Solution

H0: μ1 = μ2 = μ3

H1: μi not all equal

 = .05

df1= 2      df2 = 12 

F = 25.275

Test Statistic: 

Decision:

Conclusion:

Reject H0 at  = 0.05

There is evidence that 

at least one  μi differs 

from the rest

0 

 = .05

Reject H0Do not 
reject H0

25.275
93.3

2358.2

MSW

MSA
F ===

Critical Value:  

F2,12,.05= 3.89

F2,12,.05 = 3.89
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SUMMARY

Groups Count Sum Average Variance

Club 1 5 1246 249.2 108.2

Club 2 5 1130 226 77.5

Club 3 5 1029 205.8 94.2

ANOVA

Source of 

Variation
SS df MS F P-value F crit

Between 

Groups
4716.4 2 2358.2 25.275 4.99E-05 3.89

Within 

Groups
1119.6 12 93.3

Total 5836.0 14

ANOVA -- Single Factor:
Excel Output

EXCEL:   data | data analysis | ANOVA: single factor

Ch. 15-28



ANOVA -- Single Factor:
Excel Output

Selezione delle unità

Etichette 

Dove si vuole l’output 
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ANOVA -- Single Factor:

Excel Output
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Examples with R

◼ Exercise 1 - Open dataset PlantGrowth (included in R):

1. compute some summary statistics;

2. compute mean of weight by group;

3. represent graphically variable weight by group with a box plot;

4. compute ANOVA. Provide an interpretation of the obtained 
result. 

◼ Exercise 2 - Open dataset Iris (included in R):

1. compute some summary statistics;

2. compute mean of Petal.Length by Species;

3. compute ANOVA of Petal.Length by Species. Provide an 
interpretation of the obtained result. 
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Exercise to do at home

Treatment

A B C

162 142 126

142 156 122

165 124 138

145 142 140

148 136 150

174 152 128

Sampling mean 156 142 134

Sampling variance 164.4 131.2 110.4

Ch. 15-32

Let’s consider the following table which shows the information relating to the

result of a test conducted with three types of different treatments:

Compute:

1. the deviance between treatments;

2. variance between treatments;

3. the deviance within treatments;

4. the variance within treatments;
5. The ANOVA table for this problem

6. For a significance level of α=0.05, check whether the means for the three

treatments are equal.

Try also to solve the exercise with Excel and R.
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