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Assumption SR1:

The value of y, for each value of x, is: 1 2β βy x e= + +

ASSUMPTIONS OF THE SIMPLE LINEAR 

REGRESSION MODEL – II

Assumption SR2:

The expected value of the random error e is:

This is equivalent to assuming that

0)( =eE

1 2( ) β βE y x= +

Chap 9-2



Assumption SR3:

The variance of the random error e is:
2var( ) σ var( )e y= =

➢ The random variables y and e have the same variance because 

they differ only by a constant (Homoskedasticity assumption)

Assumption SR4:

The covariance between any pair of random errors, ei

and ej is:

The stronger version of this assumption is that the random 

errors e are statistically independent, in which case the values 

of the dependent variable y are also statistically independent

0),cov(),cov( == jiji yyee
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Assumption SR5:

The variable x is not random, and must take at least two different 

values

Assumption SR6:

(optional) The values of e are normally distributed about their 

mean if the values of y are normally distributed, and vice versa

2~ (0,σ )e N
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Least Square Prediction 
In order to use regression analysis as a basis for prediction, we must assume 
that y0 and x0 are related to one another by the same regression model that 
describes our sample of data, so that, in particular, SR1 holds for these 
observations: 

𝒚𝟎 = 𝜷𝟏 + 𝜷𝟐𝒙𝟎 + 𝒆𝟎

𝑒0 is a random error

We assume that 𝐸(𝑦0) = 𝛽1 + 𝛽2𝑥0 and 𝑒0 = 0

We also assume that 𝑒0 has the same varince as the regression error 
var 𝑒0 = 𝜎2 and 𝑒0 is uncorrelated with the random errors that are part of 
the sample data, so that 𝑐𝑜𝑣 𝑒0; 𝑒1 = 0  for 𝑖 = 1,2, … , 𝑁
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Least Square Prediction 

Chap 9-6

The task of predicting 𝒚𝟎 is related to the problem of estimating 
𝐸(𝑦0) = 𝛽1 + 𝛽2𝑥0

The outcome 𝑦0 = 𝐸(𝑦0) + 𝑒0 is composed of two parts: 

• Systematic (non random part) 𝐸(𝑦0) = 𝛽1 + 𝛽2𝑥0

• Random component 𝑒0

We estimate the systematic portion using ෣𝐸(𝑦0) = 𝛽1 + 𝛽2𝑥0 and add 
an “estimate” of 𝑒0 equal to its expected value (which is 0). 

Therefore: 

ෞ𝑦0 = ෣𝐸(𝑦0) += 𝑏1 + 𝑏2𝑥0

The least squares predictor of 𝑦0 comes from the fitted regression line



Least Square Prediction 

There are two major reasons for analyzing the model: 

1. to explain how the dependent variable (yi) changes as the 
independent variable (xi) changes

2. to predict y0 given an x0

1 2 β βi i iy x e= + +

Closely allied with the prediction problem is the desire to use xi to 
explain as much of the variation in the dependent variable yi as 
possible.

In the regression model we call xi the ‘‘explanatory’’ variable 
because we hope that its variation will ‘‘explain’’ the variation 
in yi
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Goodness of fit

• To develop a measure of the variation in yi that is explained by the
model, we begin by separating yi into its explainable and
unexplainable components.

• E(yi) is the explainable or systematic part

• ei is the random, unsystematic and unexplainable
component

( )  i i iy E y e= +

• we can write:
• If we consider the “point of the mean” ҧ𝑥; ത𝑦  
• Subtract the sample mean y from both sides of the 

equation to obtain the total variability of the regression 
model:

ˆ ˆ  i i iy y e= +

( )ˆ ˆ  i i iy y y y e− = − +
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Goodness of fit
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How good is the estimate?

This Figure shows the 
‘‘point of the means’’ 

ҧ𝑥; ത𝑦  the least squares 
fitted line passing through 

it. 
This is a characteristic of 
the least squares fitted 

line whenever the
regression model includes 

an intercept term

( )ˆ ˆ  i i iy y y y e− = − +



Goodness of fit

• Recall that the sample variance of yi is
( )2
ˆ

 
1

i

y

y y
s

N

−
=

−



• Squaring and summing both sides, 
and using the fact that: 

( )ˆ ˆ 0i iy y e− =

We get: ( ) ( )
2 2 2ˆ ˆ

i i iy y y y e− = − +  

decomposition of the ‘‘total sample variation’’ in y into 
explained and unexplained components . 

These are called ‘‘sums of squares’’ 

total sample 
Variation SST

explained sample 
Variation SSR

unexplained sample 
Variation SSE
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Goodness of fit

( )

( )

2

2

2

total sum of squares  SST

ˆ sum of squares due to regression  SSR

ˆ sum of squares due to error  SSE

i

i

i

y y

y y

e

− = =

− = =

= =







SSE SSR SST +=

Chap 9-11

( ) ( )
2 2 2ˆ ˆ

i i iy y y y e− = − +  
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Goodness of fit

This decomposition of the total variation in y into a part that is 
explained by the regression model and a part that is 
unexplained allows us to define a measure, called the 
coefficient of determination, or R2

Chap 9-12

Let’s define the coefficient of determination, or R2 , as the
proportion of variation in y explained by x within the
regression model:

2   1
SSR SSE

R
SST SST

= = −

How good is the estimate?



Goodness of fit

We can see that:
➢The closer R2 is to 1, the closer the sample values yi are to the fitted

regression equation

➢ If R2 = 1, then all the sample data fall exactly on the fitted least
squares line, so SSE = 0, and the model fits the data ‘‘perfectly’’

➢ If the sample data for y and x are uncorrelated and show no linear
association, then the least squares fitted line is ‘‘horizontal,’’ and
identical to y, so that SSR = 0 and R2 = 0

➢When 0 < R2 < 1 then R2 is interpreted as ‘‘the proportion of the
variation in y about its mean that is explained by the regression
model’’

2   1
SSR SSE

R
SST SST

= = −
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Goodness of fit

• The correlation coefficient ρxy between x and y is defined as:

• Substituting sample values, as get the sample correlation 
coefficient:

• The sample correlation coefficient rxy has a value between  -
1 and 1, and it measures the strength of the linear 
association between observed values of x and y

( )

( ) ( )

σcov ,
ρ

σ σvar var

xy

xy

x y

x y

x y

= =

xy

xy

x y

s
r

s s
=

( )( ) ( )

( ) ( )

( ) ( )

2

2

1

1

1

xy i i

x i

y i

s x x y y N

s x x N

s y y N

= − − −

= − −

= − −






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Goodness of fit

•Two relationships between R2 and rxy:
1. r2

xy = R2 the square of the sample correlation 
coefficient between the sample data values xi and yi is 
algebraically equal to R2 in a simple regression model.

2. R2 can also be computed as the square of the sample 
correlation coefficient between yi and

1 2
ˆ

i iy b b x= +

Example on food expenditure

For the food expenditure example, the sums of squares are:

( )

( )

2

2 2

495132.160

ˆ ˆ 304505.176

i

i i

SST y y

SSE y y e

= − =

= − = =



  Chap 9-15



Goodness of fit

2 1

304505.176
1

495132.160 

0.385

SSE
R

SST
= −

= −

=

We conclude that 38.5% of 
the variation in food 
expenditure (about its sample 
mean) is explained by our 
regression model, which uses 
only income as an explanatory 
variable

The sample correlation between the y and x sample values is:

( )( )
478.75

6.848 112.675

0.62

xy

xy

x y

s
r

s s
=

=

=

2 2 20.62 0.385xyr R= = =
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Goodness of fit

•The key ingredients in a report are:
1. the coefficient estimates

2. the standard errors (or t-values)
3. an indication of statistical significance (ex. P-value)
4. R2

•Avoid using symbols like x and y
• Use abbreviations for the variables that are readily

interpreted, defining the variables precisely in a separate
section of the report.
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Goodness of fit: example 

• For our food expenditure example, we might have:
FOOD_EXP = weekly food expenditure by a household of size 3, in dollars

INCOME = weekly household income, in $100 units

• And:

where 
* indicates significant at the 10% level

** indicates significant at the 5% level

*** indicates significant at the 1% level

·

( ) ( )( )

2

***

_ 83.42 10.21      0.385

        se          43.41 2.09

FOOD EXP INCOME R= + =
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Modelling issues
Using Diagnostic Residual Plots

•When specifying a regression model, we may 
inadvertently choose an inadequate or 
incorrect functional form

1. Examine the regression results
• There are formal statistical tests to check for:

• Homoskedasticity

• Serial correlation

2. Use residual plots
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Modelling issues
Using Diagnostic Residual Plots

Chap 9-20

Assumption SR3:

The variance of the random error e is: 𝑣𝑎𝑟 𝑒 = 𝜎2 = 𝑣𝑎𝑟 𝑦
The random variables y and e have the same variance because they differ only by a 

constant.

The error term 

e is uncorrelated, 

homoskedastic, 

and

from a standard 

normal 

distribution, 

 e~N(0, 1)



Modelling issues
Using Diagnostic Residual Plots

Chap 9-21

When the 
residuals are 

plotted against 
the independent 

variable, they 
show a funnel 

shape
Homoskedasticity 
assumption does 

not hold!



Modelling issues
Using Diagnostic Residual Plots

• The well-defined quadratic pattern in the least squares residuals 
indicates that something is wrong with the linear model specification
• The linear model has ‘‘missed’’ a curvilinear aspect of the relationship
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Modelling issues
Using Diagnostic Residual Plots

•Hypothesis tests and interval estimates for the 
coefficients rely on the assumption that the errors, 
and hence the dependent variable y, are normally 
distributed
• Are they normally distributed? 

•We can check the distribution of the residuals 
using:
• A histogram
• Formal statistical test

• Merely checking a histogram is not a formal test

• Many formal tests are available
• A good one is the Jarque–Bera test for normality Chap 9-24



Modelling issues
Using Diagnostic Residual Plots
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Modelling issues
Using Diagnostic Residual Plots

• The Jarque–Bera test for normality is based on two measures, 
skewness and kurtosis 
• Skewness (S) refers to how symmetric the residuals are around zero

• Perfectly symmetric residuals will have a skewness of zero

• The skewness value for the food expenditure residuals is -0.097

• Kurtosis (K) refers to the ‘‘peakedness’’ of the distribution.
• For a normal distribution the kurtosis value is 3

The Jarque–Bera statistic is given by:

where
N = sample size
S = skewness
K = kurtosis

( )
2

2
3

6 4

KN
JB S

 −
 = +
 
 
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Modelling issues
Using Diagnostic Residual Plots

• When the residuals are normally distributed, the Jarque–Bera statistic has a 

chi-squared distribution with two degrees of freedom
• We reject the hypothesis of normally distributed errors if a calculated value of the 

statistic exceeds a critical value selected from the chi-squared distribution with two 
degrees of freedom
• The 5% critical value from a χ2-distribution with two degrees of freedom is 5.99, and the 1% critical 

value is 9.21

• For the food expenditure example, the Jarque–Bera statistic is:

• Because 0.063 < 5.99 there is insufficient evidence from the residuals to conclude that 
the normal distribution assumption is unreasonable at the 5% level of significance 

• We could reach the same conclusion by examining the p-value
• The p-value described as ‘‘Probability’’ 

• Thus, we also fail to reject the null hypothesis on the grounds that 0.9688 > 0.05

( )
0.063

4

32.99
0.097

6

40
JB

2

2 =












 −
+−=
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Jarque Bera test 

5.99Accept Hypothesis of normality distribution 
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