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Lecture 1

© Set and subset

© Operations on sets

© Number sets
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Set

Definition

A collection of objects is a set if there is an objective law/criteria that
allows us to identify the elements of the set unambiguously. Otherwise, a
set can be identified by explaining all its elements.

For example:
@ "The most beautiful cities in Italy” is not a set!
o "The cities with more that 1 million inhabitants” is a set
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Representation of a set

@ Graph representation: Venn diagram
A

@ Roster Notation: by listing all its elements between braces
A={1,2,10,100}

o Set-Builder Notation: a property that all members of a set have to
satisfy
A = {x is a number |x is odd }
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Notation

A, B,...: sets,

a,b,c,.... elements

a € A: ais a member of A

b ¢ A: ais not a member of A

(): emptyset

|Al: cardinality of a set, i.e., the number of elements in A

°h
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Subset

Given two sets A and B, _ _
o if every element of B is also an

element of A, we say B C A
A (i.e., B is a subset of A),

Vbe B=becA;

o if there exists an element in A
that does not belong to B, then
wesay B C Af(ie, Bisa
proper subset of A)

Vbe B= bec A,

and Ja € A such that a ¢ B.
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Note

For every A it holds that AC A
if AC Band BC C, then A=B
for every A, it holds that ) C A

Member and subset
A = {Months of the year}

{june} C A, "june" is a set
june € A, "june" is a member

Quantifiers:
» Va € A: for all a that is a member of the set A, it holds that...
» Jb € B: it exists (at least) an element b that is a member of the set
B, such that...
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Operations on Sets: Intersection |

Definition
The intersection of two sets A and B is the set composed by elements that
are in both A and B, only:

ANB={x|xe€Aand x € B}

Example:
A={ab,c}, B={ab,d}, ANB={a b}
Properties
e AND=10;
@ (commutative)
A B ANB=BnNA

@ (associative)
AN(BNC)=(ANB)NC.
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Operations on Sets: Intersection Il

If AN B =10, Aand B are said to be disjoint
IfAC B, then ANB=A

Example:
A= {1327579}7 B = {2a4’a 10}’ C= {374}

It holds that ANB = {2}, ANC=0and BN C = {4}. Thus Aand C
are disjoint sets.

Preliminary course - Math 2026 L1: Set Theory and Numbers A. Cinfrignini 9/26



Operations on Sets: Union

Definition
The union of two sets A and B is the set of all the elements in A and in B
without repeating the same elements:

AUB={x|xe€Aorxe B}

Example:
A={a,b,c}, B={ab,d}, AUB={ab,c,d}
Properties
o AUD = A
A 5 @ (commutative)
AUB = BUA,

@ (associative)

AU(BUC)=(AUuB)UC;
@ (distributive) AN(BUC)=(ANB)U(ANC),

AU(BNCO)=(AUB)N(AUC).
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Operations on Sets: Difference

Definition
The difference of two sets A and B is the set of elements in A that are not
in B:
A\ B={x|xe€Aand x ¢ B}.
Defining the complement set of B as B¢ = {x|x ¢ B}, it holds that
A\ B=AnB".

Example:

A={a,b,c}, B={ab,d}, A\B={c}

Note:

A\B # B\A.
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Complement

Definition

The complement of a set A (with respect to the universe set U) is the set
of all the elements not in A:

A={xeU|x¢A}=U\A

If we have A and B such that B C A, the complement of B is the set of
elements that are not in B and it is

BS={xcA|x¢B}=A\B.

Example:
A={a,b,c,d}, B={a, b},

It holds that B = {c, d}.
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Cartesian product

Given two sets A and B, the cartesian product A x B is the set of
ordered couples where the first element of the couple is a member of A
and the second element of the couple is an element of B.

Ax B={(a,b), ac A, be B}.

Example: A={1,2}, B={x,y}.

Ax B = {(17X)7 (17)/)3 (27X)7 (27)/)}'
Note that:

o BxA={(x,1),(x,2),(y,1),(y,2)} # Ax B;
o Ax A= A%2={(a,a),(a,b),(b,a),(b,b)}.
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Power set

Definition
The power set of a set A is the set of all subsets of A, including the
emptyset and A itself. It is denoted with

P(A) = 24,

Example:

A={a,b,c}

P(A) = {0,{a}, {b},{c},{a, b}, {a, c}, {b, c}, A}.
It holds that |P(A)| = 2" where n = |A|.
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Exercise 1

Define set A as the set of even numbers between 1 and 10.
Define set B as the set of odd numbers between 1 and 10.
Find the cardinality of set A.

Find the cardinality of set B.

Find the intersection of A and B: AN B.

Consider the set C = {1,5,9}

Find the intersection of B and C: BN C.

Find the union of Aand C: AU C.

Find the difference between A and B: A\ B.

Find the difference between C and B: C\ B.

@ Verify if set C is a subset of A.

@ Verify if set D = {1,3,5} is a subset of B.

0000000 O0CO
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Exercise 1 — Solutions

O A=1{2,4,6,8,10}

Q@ B=1{1,3,57,9}

Q |Al=5

Q |B|=5

Q@ AnNB=o

Q0 C={1,509}

@ BNnC=1{1,59}

Q AUC =1{1,2,4,5,6,8,9,10}
Q A\ B=1{2,4,6,810}
®@ C\B=o

@ CCcB Vv

@ D={1,35}CB V
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Exercise 2

Consider the sets
A=1{1,9,22,-5,3,—11}

B={-3,2,1,3,20}

Check is the following sentences are true or false

QO 5cA

@3CA

Q@ {3,1} CA

Q 5cANB

QO -11€ AUB

QO (-3,3)eAxB
-3,3) e Bx A
,2) € Ax B

9 (
Q (
QO (1,2) e BxA

1
1
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Exercise 2 — Solutions

—-5€A

3CA
{3,1} C A

-5 ANB
—-11€ AUB
(-3,3) e AxB
(-3,3) e Bx A
(1,2) € Ax B
(1,2) e Bx A

©O00O0000O0CO
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True
False (3 is an element, not a set)
True
False (-5¢ B)
True
False (=3¢ A)
True
True
False (2¢ A)
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Number Sets: Natural Numbers |

Definition

The set of natural numbers is the set of all positive whole numbers
including the zero:

N={0,1,2,3,...}

Properties of addition:
o Commutative: Va,be N,a+b=b+a
@ Associative: Va,b,c € Nja+ (b+c¢)=(a+b)+c
o Neutral element: 30 e N|Vae N,a+ 0= a.
Properties of multiplication:
o Commutative: Va,beN,a-b=b"-a
o Associative: Va,b,c e N,a-(b-c)=(a-b)-c
e Distributive: Va,b,c €N, a-(b+c)=a-b+a-c
o Neutral element: 31 e N |VaeN,a-1=a.
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Number Sets: Natural Numbers 1l

Note
N is closed under addition and multiplication: for any n,m € N:
en+meN
en-meN
On the contrary, it is not closed with respect to the subtraction and
division:
e2-3=-1¢N.
©5:6=2¢N.

It does not exist the opposite, that is an element b € N, such that
a+ b =0 = Integer numbers
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Number Sets: Integers |

Definition

The set of integer numbers is the set of all natural numbers together with
their opposites:

z=4{.,-3,-2,-1,0,1,23,...}, NcCZ

Properties of addition and multiplication as N, and

° :Va€Z,3—a€Z|a+(—-a)=0
Recall that
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Number Sets: Integers Il

Note

Z is closed under addition, multiplication and difference: for any n, m € Z:

entmeZ
e n-meZ

However, the set Z is not closed under the division: 2 +~3 = % ¢ 7
— Rational numbers
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Number Sets: Rational Numbers |

All fractions of integer numbers, with denominator not zero

@:{le,qEZ, withq#O}, NCZcCQ

Properties of addition and multiplication as N, and

e Existence of the :VaeQ,3-—a€Q|a+(-a)=0

o Existence of the :VaeQ,a#0, E|1€Q| %:1
Note
Rational numbers can be:

@ Integers: 100 =0, § =2, 710 —5,...

@ Decimals with fmlte representatlon. % = 0.125

@ Decimals with infinite periodic representation: 3 = 0.3333... = 0.3.
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Number Sets: Rational Numbers Il

g € Q is the result of the division between p and g:

0 _q
° = 0;
° g is impossible: which is the number that multiplied by 0 gives p?
° 8 is indeterminate
Note

Decimals with infinite non-periodic representation are not rational
numbers, for instance,

1.414213562373095 ... = V/2 (length of hypotenuse of triangle with legs of 1)

3.141592653589793 ... = 7 (ratio of a circle's circumference to its diameter)

These numbers are called irrational numbers and they are not in Z.
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Number Sets: Real numbers |

Set of all rational and irrational numbers

R = QU {lIrrational}, NcZcQcR

NCcZcQcR

Properties of addition and multiplication as Q.

Preliminary course - Math 2026 L1: Set Theory and Numbers

A. Cinfrignini

25 /26



Subsets of R

Intervals

@ Closed: [a,b] = {x € Rl]a < x < b}

e Open: (a,b) =|a, b[= {x € Rla < x < b}

e Right open: [a, b) = [a, b[= {x € R|]a < x < b}

o Left open: (a, b] =]a, b] = {x € Rla < x < b}
Unbounded intervals

o [a,+00) = [a, +oo[= {x € R|x > a},

e (a,+00) =]a, +oo[= {x € R|x > a},

@ (—00,a] =] + 00,a] = {x € R|x < a},

o (—o00,a) =]+ o0, a[= {x € R|x < a}.
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