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Corollary 4 The following sets are countably infinite:

n times

——
(i) For each natural number n, the Cartesian product N x --- x N.
(ii) The set of rational numbers Q.

Proof We prove (i) for n = 2 and leave the general case as an exercise in induction. Define
the mapping g from N x N to N by g(m, n) = (m +n)? + n. The mapping g is one-to-one.
Indeed, if g(m, n) = g(m’, n’), then (m +n)? — (m’ +n')? = n’ — n and hence

lm+n+m +n/|-l/m+n—m'—n'| =|n —nl.

If n # n’, then the natural number m + n +m’ + n’ both divides and is greater than the
natural number |n’ — n|, which is impossible. Thus n = n’, and hence m = m’. Therefore
N xN is equipotent to g(INxIN), a subset of the countable set N. We infer from the preceding
theorem that N x N is countable. To verify the countability of Q, we first infer from the
prime factorization theorem that each positive rational number 2 may be written uniquely
as © = p/q, where p and g are relatively prime natural numbers. Define the mapping g from
Q to N by g(z) = 2((p + q)? + q) for x = p/q > 0 with p and ¢ relatively prime natural
numbers, ¢g(0) = 1, and g(x) = g(—z) + 1 for x < 0. We leave it as an exercise to show
that ¢ is one-to-one. Thus Q is equipotent to a subset of N and hence, by the preceding
theorem, is countable. We leave it as an exercise to use the pigeonhole principle to show

that neither N x N nor Q is finite. ]

For a countably infinite set X, we say that {z, |n €N} is an enumeration of X
provided
X =4z, | nEN} and o5, # o i nFm.

Theorem 5 A non-empty set is countable if and only if it is the image of a function whose
domain is a non-empty countable set.

Proof Let A be a non-empty countable set and f be mapping of A onto B. We suppose that
A is countably infinite and leave the finite case as an exercise. By composing with a one-
to-one correspondence between A and N, we may suppose that A = IN. Define two points
x,z’ in A to be equivalent provided f(z) = f(z'). This is an equivalence relation, that is,
it is reflexive, symmetric, and transitive. Let £ be a subset of A consisting of one member
of each equivalence class. Then the restriction of f to E is a one-to-one correspondence
between E and B. But E is a subset of N and therefore, by Theorem 3, is countable. The
set B is equipotent to E and therefore B is countable. The converse assertion is clear; if B
is a non-empty countable set, then it is equipotent either to an initial segment of natural
numbers or to the natural numbers. ]

Corollary 6 The union of a countable collection of countable sets is countable.

Proof Let A be a countable set and for each A€ A, let E) be a countable set. We will
show that the union F = |J aen B is countable. If E is empty, then it is countable. So we
assume E # (). We consider the case that A is countably infinite and leave the finite case
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as an exercise. Let {A,, |n € N} be an enumeration of A. Fix n € N. If E,_ is finite and
non-empty, choose a natural number N(n) and a one-to-one mapping f, of {1,..., N(n)}
onto E) : if E) is countably infinite, choose a one-to-one mapping f,, of N onto E, .

Define
E" = {(n, k) e N x N|E), is non-empty, and 1 < k < N(n) if E\,is also finite}.

Define the mapping f of E' to E by f(n, k) = fn(k). Then f is a mapping of £’ onto E.
However, E’ is a subset of the countable set N x N and hence, by Theorem 3, is countable.
Theorem 5 tells us that E also is countable. Ll

We call an interval of real numbers degenerate if it is empty or contains a single
member.

Theorem 7 A non-degenerate interval of real numbers is uncountable.

Proof Let I be a non-degenerate interval of real numbers. Clearly [ is not finite. We
argue by contradiction to show that I is uncountable. Suppose [ is countably infinite. Let
{z,,|n € N} be an enumeration of I. Let [a;, b;] be a non-degenerate closed, bounded
subinterval of I which fails to contain z1. Then let [az, b2] is a non-degenerate closed,
bounded subinterval of [a1, b1], which fails to contain z5. We inductively choose a countable
collection {[an, bn]}oe; of non-degenerate closed, bounded intervals, which is descending in
the sense that, for each n, [a, 1, bpi1] C [an, by] and such that for each n, x,, & [a,, by].
The non-empty set £ = {a, |n €N} is bounded above by b;. The Completeness Axiom
tells us that £ has a supremum. Define x* = sup E. Since z* is an upper bound for F,
a, < z* for all n. On the other hand, since {[a,, b,]}52, is descending, for each n, b, is
an upper bound for E. Hence, for each n, 2* < b,. Therefore, 2* belongs to [a,, by] for
each n. But z* belongs to [ay, b;] C I and therefore there is a natural number ng for which
x* = &pn,. We have a contradiction since x* = x,, does not belong to [ay,, bn,|. Therefore
I is uncountable. [

PROBLEMS
16. Show that the set Z of integers is countable.
17. Show that a set A is countable if and only if there is a one-to-one mapping of A to N.
18. Use an induction argument to complete the proof of part (i) of Corollary 4.
19. Prove Corollary 6 in the case of a finite family of countable sets.

20. Let both f: A— B and g: B— C be one-to-one and onto. Show that the composition
go f: A— B and the inverse f~': B— A are also one-to-one and onto.

21. Use an induction argument to establish the pigeonhole principle.
22. Show that 2NV, the collection of all sets of natural numbers, is uncountable.

23. Show that the Cartesian product of a finite collection of countable sets is countable. Use
the preceding problem to show that NN the collection of all mappings of N into N, is not
countable.

24. Show that a non-degenerate interval of real numbers fails to be finite.
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25. Show that any two non-degenerate intervals of real numbers are equipotent.

26. Is the set R x R equipotent to R?

1.4 OPEN SETS, CLOSED SETS, AND BOREL SETS OF REAL NUMBERS

Definition A set O of real numbers is called open provided for each x € O, there is a
r > 0 for which the interval (x —r, x + r) is contained in O.

For a < b, the interval (a, b) is an open set. Indeed, let x belong to (a, b). Define r =
min{b — z,  — a}. Observe that (z — r, z + ) is contained in (a, b). Thus (a, b) is an open
bounded interval and each bounded open interval is of this form. For a,b € R, we defined

(a,00)={zeR| a<z},(—00,b)={z € R| z <b} and (—o0,0) =R.

Observe that each of these sets is an open interval. Moreover, it is not difficult to see that
since each set of real numbers has an infimum and supremum in the set of extended real
numbers, each unbounded open interval is of the above form.

Proposition 8 The set of real numbers R and the empty-set ) are open; the intersection
of any finite collection of open sets is open; and the union of any collection of open sets is
open.

Proof It is clear that R and ) are open and the union of any collection of open sets is
open. Let {Ox}7_, be a finite collection of open subsets of R. If the intersection of this
collection is empty, then the intersection is the empty-set and therefore is open. Otherwise,
let 2 belong to N?_, 0. For 1 < k < n, choose r;, > 0 for which (z — rg, x + ;) C Oy.
Define r = min{ry,...,7p}. Then 7 > 0 and (z —r, z + 1) C NE_; Ok. Therefore N}_, O.
is open.

It is not true, however, that the intersection of any collection of open sets is open. For
example, for each natural number n, let O,, be the open interval (—1/n,1/n). Then, by the
Archimedean Property of R, (,—; O, = {0}, and {0} is not an open set.

n=

Proposition 9 Fvery non-empty open set is the union of a countable, disjoint collection
of open intervals.

Proof Let O be a non-empty open subset of R. Let = belong to . There is a y > x for
which (z, y) € O and a z < z for which (z, ) C O. Define the extended real numbers a,
and b, by

a; =inf{z| (2, 2) CO} and b, =sup{y | (z, y) C O}.
Then I, = (a,, b;) is an open interval that contains x. We claim that
I. CObuta, ¢0,b, ¢ 0. (2)

Indeed, let w belong to I, say x < w < b,. By the definition of b;, there is a number
y > w such that (z, y) € O, and so w € 0. Moreover, b, ¢ O, for if b, € O, then for some
r > 0 we have (b, —r, b, +7) C O. Thus (z, b, +7) C O, contradicting the definition of b,.
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Similarly, a, ¢ O. Consider the collection of open intervals {I,},co. Since each z in O is
a member of I, and each I, is contained in @, we have O = Uxe o 1. We infer from (2)
that {I..}.co is disjoint. Thus O is the union of a disjoint collection of open intervals. It
remains to show that this collection is countable. By the density of the rationals, Theorem
2, each of these open intervals contains a rational number. This establishes a one-to-one
correspondence between the collection of open intervals and a subset of the rational numbers.
We infer from Theorem 3 and Corollary 4 that any set of rational numbers is countable.
Therefore, O is the union of a countable disjoint collection of open intervals. Ll

Definition For a set E of real numbers, a real number x is called a point of closure of
E provided every open interval that contains x also contains a point in E. The collection of
points of closure of E is called the closure of E and denoted by E.

It is clear that we always have E C E. If E contains all of its points of closure, that
is, F = FE, then the set F is said to be closed.

Proposition 10 For a set of real numbers E, its closure E is closed. Moreover, E is the
smallest closed set that contains E, in the sense that if F is closed and E C F, then E C F.

Proof The set E is closed provided it contains all its points of closure. Let z be a point of
closure of E. Consider an open interval I, which contains z. There is a point =’ € E N I,.
Since z’ is a point of closure of E and the open interval I, contains z’, there is a point
x" € E N I,. Therefore, every open interval that contains x also contains a point of £ and
hence z € E. So the set F is closed. Tt is clear that if A C B, then AC F, and hence if F
is closed and contains E, then E C F = F. ]

Proposition 11 A set of real numbers is open if and only if its complement in R is closed.

Proof First suppose E is an open subset of R. Let 2 be a point of closure of R ~ E. Then
x cannot belong to E because otherwise there would be an open interval that contains x
and is contained in E and thus is disjoint from R ~ E. Therefore x belongs to R~ E and
hence R ~ F' is closed. Now suppose R~ F is closed. Let = belong to E. Then there must
be an open interval that contains x that is contained in F, for otherwise every open interval
that contains x contains points in R~ F and therefore x is a point of closure of R~ F.
Since R ~ E is closed, x also belongs to R~ E. This is a contradiction. ]

Since R~ [R~ E] = E, it follows from the preceding proposition that a set is closed
iof and only if its complement is open. Therefore, by De Morgan’s Identities, Proposition 8
may be reformulated in terms of closed sets as follows.

Proposition 12 The empty-set § and R are closed; the union of any finite collection of
closed sets is closed; and the intersection of any collection of closed sets is closed.

A collection of sets { Ex}aca is said to be a cover of a set E provided E C (-5 En-
By a subcover of a cover of FE, we mean a subcollection of the cover that itself also is a cover
of E. If each set E) in a cover is open, we call {E)} ca an open cover of F. If the cover
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{E\}xea contains only a finite number of sets, we call it a finite cover. This terminology
is inconsistent: In “open cover,” the adjective “open” refers to the sets in the cover; in
“finite cover,” the adjective “finite” refers to the collection and does not imply that the
sets in the collection are finite sets. Thus the term “open cover” is an abuse of language
and should properly be “cover by open sets.” Unfortunately, the former terminology is well
established in mathematics.

A set F' of real numbers is said to be compact provided that every open cover of F
has a finite subcover.

The Heine-Borel Theorem A set of real numbers is compact if and only if it is closed

and bounded.

Proof We leave as an exercise the proofs, by contradiction, that a compact set is closed
and is bounded. To prove the converse, let us first consider the case that F' is the closed,
bounded interval [a, b]. Let F be an open cover of [a, b]. Define E' to be the set of numbers
x € [a, b] with the property that the interval [a, z] can be covered by a finite number of the
sets of F. Since a € E, E is non-empty. Since E is bounded above by b, by the completeness
of R, F has a supremum; define ¢ = sup F. Since ¢ belongs to [a,b], there is an O € F
that contains c. Since O is open, there is an € > 0, such that the interval (¢ — ¢, ¢+ ¢€) is
contained in 0. Now ¢ — € is not an upper bound for F, and so there must be an z € £
with £ > ¢ — €. Since x € E, there is a finite collection {O1, ..., O} of sets in F that covers
[a, z]. Consequently, the finite collection {Oy, ..., O, O} covers the interval [a, ¢+ ¢€). Thus
¢ = b, for otherwise ¢ < b and ¢ is not an upper bound for E. Thus, [a, b] can be covered
by a finite number of sets from F, proving our special case.

Now let F' be any closed and bounded set and F an open cover of F. Since F' is
bounded, it is contained in some closed, bounded interval [a, b]. The preceding proposition
tells us that the set O = R~ F' is open since F’ is closed. Let F* be the collection of open
sets obtained by adding O to F, that is, 7* = FUQ. Since F covers F, F* covers |[a, b]. By
the case just considered, there is a finite subcollection of F* that covers [a, b] and hence F.
By removing O from this finite subcover of F' if O belongs to the finite subcover, we have
a finite collection of sets in F that covers F. ]

We say that a countable collection of sets {E,,}72, is descending provided E,,; C
FE, for every natural number n. It is said to be ascending provided each E,, C F, 1.

The Nested Set Theorem Let {F,}>°, be a descending countable collection of non-
empty closed sets of real numbers and Fy be bounded. Then

() Fu #0.
n=1

Proof We argue by contradiction. Suppose the intersection is empty. Then for each real
number z, there is a natural number n for which z ¢ F,,, that is, x € O,, = R ~ F;,. Therefore
U2, O, = R. According to Proposition 11, since each F, is closed, each O,, is open. There-
fore {O,,}2%; is an open cover of R and hence also of F;. The Heine-Borel Theorem tells us

that there is a natural number N for which F} C Uf:rzl O,,. Since {F,}°°  is descending,
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the collection of complements {0}, is ascending. Therefore Uﬁ;i On =0ny =R~ Fy.

Hence F, € R~ Fy, which contradicts the assumption that Fy is a non-empty subset
of Fl 3 D

Definition Given a set X, a collection A of subsets of X is called a o-algebra (of subsets
of X ) provided (i) the empty-set, 0, belongs to A; (ii) the complement in X of a set in A
also belongs to A; (iii) the union of a countable collection of sets in A also belongs to A.

Given a set X, the collection {(), X} is a o-algebra which has two members and is
contained in every o-algebra of subsets of X. At the other extreme is the collection of
sets 2X which consists of all subsets of X and contains every o-algebra of subsets of X.
For any o-algebra A, we infer from De Morgan’s Identities that A is closed with respect
to the formation of intersections of countable collections of sets that belong to A; more-
over, since the empty-set belongs to A, A is closed with respect to the formation of finite
unions and finite intersections of sets that belong to 4. We also observe that a o-algebra
is closed with respect to relative complements since if A; and A, belong to A, so does
Ay ~As = Ay N [X ~ Ay]. The proof of the following proposition follows directly from the
definition of g-algebra.

Proposition 13 Let F be a collection of subsets of a set X. Then the intersection A of
all o-algebras of subsets of X that contain F is a o-algebra that contains F. Moreover, it
s the smallest o-algebra of subsets of X that contains F, in the sense that any o-algebra
that contains F also contains A.

Let {A,}52, be a countable collection of sets that belong to a o-algebra A. Since A
is closed with respect to the formation of countable intersections and unions, the following
two sets belong to A:

o

limsup{A4,}2, = ﬁ [U A, ﬁ A,
k=1 Ln=k n=*k

The set limsup{A4,,}52, is the set of points that belong to A, for countably infinitely many
indices n while the set liminf{A, }>° , is the set of points that belong to A, except for at
most finitely many indices n.

Although the union of any collection of open sets is open and the intersection of
any finite collection of open sets is open, as we have seen, the intersection of a countable
collection of open sets need not be open. In our development of Lebesgue measure and
integration on the real line, we will see that the smallest o-algebra of sets of real numbers
that contains the open sets is a natural object of study.

and liminf{A,}>°, = U
o |

Definition The collection B of Borel sets of real numbers is the smallest o-algebra of sets
of real numbers that contains all of the open sets of real numbers.

Every open set is a Borel set and since a o-algebra is closed with respect to the formation
of complements, we infer from Proposition 11 that every closed set is a Borel set. Therefore,
since each singleton set is closed, every countable set is a Borel set. A countable intersec-
tion of open sets is called a G5 set. A countable union of closed sets is called an F, set.
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Since a g-algebra is closed with respect to the formation of countable unions and countable
intersections, each G5 set and each F, set is a Borel set. Moreover, both the liminf and
limsup of a countable collection of sets of real numbers, each of which is either open or
closed, are a Borel set.

PROBLEMS
27. Is the set of rational numbers open or closed?
28. What are the sets of real numbers that are both open and closed?
29. Find two sets A and B such that ANB =0 and AN B # 0.
30. A point z is called an accumulation point of a set E provided it is a point of closure of
E~{z}.
(i) Show that the set E’ of accumulation points of E is a closed set.
(ii) Show that E = EU E’.

31. A point x is called an isolated point of a set E provided there is an r > 0 for which
(x—r, x+7r)NE = {z}. Show that if a set E consists of isolated points, then it is countable.
32. A point z is called an interior point of a set E if there is an » > 0 such that the open
interval (x —r, x +r) is contained in £. The set of interior points of E is called the interior
of FE denoted by int E. Show that
(i) F is open if and only if F = int E.
(ii) FE is dense if and only if int(R ~ E) = ().
33. Show that the Nested Set Theorem is false if F} is unbounded.

34. Show that the assertion of the Heine-Borel Theorem is equivalent to the Completeness Axiom
for the real numbers. Show that the assertion of the Nested Set Theorem is equivalent to
the Completeness Axiom for the real numbers.

35. Show that the collection of Borel sets is the smallest g-algebra that contains the closed sets.

36. Show that the collection of Borel sets is the smallest o-algebra that contains intervals of the
form [a, b), where a < b.

37. Show that each open set is an F, set.

1.5 SEQUENCES OF REAL NUMBERS

A sequence of real numbers is a real-valued function whose domain is the set of natu-
ral numbers. Rather than denoting a sequence with standard functional notation such as
f: N —=R, it is customary to use subscripts, replace f(n) with a,,, and denote a sequence
by {a,}. A natural number n is called an index for the sequence, and the number a,,
corresponding to the index n is called the nth term of the sequence. Just as we say that
a real-valued function is bounded provided its image is a bounded set of real numbers, we
say a sequence {an} is bounded provided there is some ¢ > 0 such that |a,| < ¢ for all n.
A sequence is said to be increasing provided a,, < a, 1 for all n, is said to be decreasing
provided {—ay,} is increasing, and is said to be monotone provided it is either increasing
or decreasing.
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Definition A sequence {a,} is said to converge to the number a, provided for every e > 0
there is an index N for which

if n > N, then |a — an| < €. (3)
We call a the limit of the sequence and denote the convergence of {a,} by writing

{an}—a or lim a, =a.

n— OO
We leave the proof of the following proposition as an exercise.

Proposition 14 Let the sequence of real numbers {a,} converge to the real number a.
Then the limit is unique, the sequence is bounded, and, for a real number c,

if ap, < c for all n, then a < ec.

Theorem 15 (the Monotone Convergence Criterion for Real Sequences) A mono-
tone sequence of real numbers converges if and only if it is bounded.

Proof Let {a,} be an increasing sequence. If this sequence converges, then, by the preceding
proposition, it is bounded. Now assume that {a,, } is bounded. By the Completeness Axiom,
the set S = {a,, |n € N} has a supremum: define a = sup S. We claim that {a,, } — a. Indeed,
let € > 0. Since s is an upper bound for S, a,, < a for all n. Since a — € is not an upper
bound for §, there is an index N for which ay > a — €. Since the sequence is increasing,
an > a — € for all n > N. Thus if n > N, then |a — a,| < €. Therefore {a,} — a. The proof
for the case when the sequence is decreasing is the same. L]

For a sequence {a,} and a strictly increasing sequence of natural numbers {n;}, we
call the sequence {a,, } whose kth term is a,, a subsequence of {ay}.

Theorem 16 (the Bolzano-Weierstrass Theorem) FEvery bounded sequence of real
numbers has a convergent subsequence.

Proof Let {a,} be a bounded sequence of real numbers. Choose M > 0 such that |a,| < M
for all n. Let n be a natural number. Define E,, = {a;|j > n}. Then E,, C [-M, M] and
E,, is closed since it is the closure of a set. Therefore, { E,,} is a descending sequence of non-
empty closed bounded subsets of R. The Nested Set Theorem tells us that ()., E, # 0;
choose a € (), E,,. For each natural number £, a is a point of closure of {a; | j > k}. Hence,
for infinitely many indices j > n, a; belongs to (a — 1/k, a + 1/k). By induction, choose a
strictly increasing sequence of natural numbers {n; } such that |a —a,, | < 1/k for all k. We
infer from the Archimedean Property of R that the subsequence {a,, } converges to a. [J

Definition A sequence of real numbers {a,} is said to be Cauchy provided for each € > 0,
there is an index N for which

if ny,m > N, then |a,, — a,| < €. (4)

Theorem 17 (the Cauchy Convergence Criterion for Real Sequences) A sequence
of real numbers converges if and only if it is Cauchy.
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Proof First suppose that {a,} — a. Observe that for all natural numbers n and m,
lan — am| = |(an — a) + (@ — an)| < |an — a| + [am — al. (5)

Let € > 0. Since {a,} — a, we may choose a natural number N such that if n > N, then
la, —a| < €/2. We infer from (5) that if n,m > N, then |a, — a,,| < €. Therefore the
sequence {ay} is Cauchy. To prove the converse, let {a,} be a Cauchy sequence. We claim
that it is bounded. Indeed, for € = 1, choose N such that if n,m > N, then |a, — a,,| < 1.
Thus
lan| = |(an — an) + an| < |an — an| + lan| < 1+ |ay]| for all n > N.

Define M =1+ max{|ai|,...,|an|}. Then |a,| < M for all n. Thus {a,} is bounded. The
Bolzano-Weierstrass Theorem tells us there is a subsequence {a,, } which converges to a

real number a. We claim that the whole sequence converges to a. Indeed, let € > (. Since
{a,} is Cauchy we may choose a natural number N such that

if n,m > N, then |a, — an,| < €/2.
On the other hand, since {a,, } — a we may choose a natural number ny such that |a —a,, |
< ¢/2 and ng > N. Therefore
L

lan —a| =|(an —an, ) + (an, —a)|<|an —an, |+ |a—an,| <efor all n > N.
Theorem 18 (Linearity and Monotonicity of Convergence of Real Sequences) Let
{an} and {b,} be convergent sequences of real numbers. Then for each pair of real numbers
a and 3, the sequence {a - a, + 3 - by} is convergent and

lim [a-ap+ 8 -by) =a- lim ay,+ - lim b,. (6)
Moreover,
if an < by, for all n, then lim a, < lim b,. (7)

Proof Define

lim a, =a and lm b, =b.
n— 00 n—0o

Observe that
[ an+B-by] —[a-a+B-b]| <|a|-|an — a| + |B] - |bn — b] for all n. (8)
Let € > 0. Choose a natural number N such that
lan —a| < €/[2 + 2|a|] and |b, — b] < €/[2+ 2|3]|] for all n > N.
We infer from (8) that
@ an+B-by)—[a-a+F-b]| <eforalln>N.

Therefore (6) holds. To verify (7), set ¢,, = b,, — a,, for all n and ¢ = b— a, Then ¢, > 0 for
all n and, by linearity of convergence, {c,} — ¢. We must show ¢ > 0. Let € > 0. There is
an N such that

—e<c—c,<eforalln>N.

In particular, 0 < ey < ¢+ €. Since ¢ > —e for every positive number €, c > 0. ]
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If a sequence {a,} has the property that for each real number ¢, there is an index
N such that if n > N, then a,, > ¢, we say that {a,} converges to infinity, call oo
the limit of {a,}, and write lim,, , o, @, = c0. Similar definitions are made at —oco. With
this extended concept of convergence we may assert that any monotone sequence {a,} of
real numbers, bounded or unbounded, converges to an extended real number and therefore
lim, _, o a, is properly defined.

The extended concept of supremum and infimum of a set and of convergence for any
monotone sequence of real numbers allows us to make the following definition.

Definition Let {a,} be a sequence of real numbers. The limit superior of {a,}, denoted
by limsup{a, }, is defined by

limsup{a,} = lim [sup{ax | k > n}].

The limit inferior of {a,}, denoted by liminf{a,}, is defined by

liminf{a,} = lm [inf{ax | k> n}].

We leave the proof of the following proposition as an exercise.

Proposition 19 Let {a,} and {b,} be sequences of real numbers.
(1) limsup{a,} = ¢ € R if and only if for each € > 0, there are infinitely many indices
n for which a, > € — € and only finitely many indices n for which a, > £+ €.
(i) limsup{a,} = oo if and only if {a,} is not bounded above.
(i) limsup{a,} = —liminf{—a,}.
(iv) A sequence of real numbers {a,} converges to an extended real number a if and
only if
liminf{a,} = limsup{a,} = a.
(v) If an, < b, for all n, then
limsup{a,} < limsup{b,}.

For each sequence {aj} of real numbers, there corresponds a sequence of partial
sums {s,} defined by s, = Zzzl ay. for each index n. We say that the series Zzozl aj 1s
summable to the real number s provided {s,} — s and write s = >_,—, as.

We leave the proof of the following proposition as an exercise.

Proposition 20 Let {a,} be a sequence of real numbers.

(i) The series > ,—, ar. is summable if and only if for each € > 0, there is an index N
for which

n+m

> o

k=n

< € forn > N and any natural number m.

(ii) If the series > oo |ax| is summable, then Y ;- | a also is summable.
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ii1) If each term ay, is non-negative, then the series S o ., aj is summable if and only i
q H k=1 Yy
the sequence of partial sums is bounded.

oo
Consider the series > ay. It is said to be absolutely convergent provided that the
k=1

oo [e.9]
series ) |ag| converges. Given a permutation m: N — N, the series ) ar() is called a

k=1 k=1
o0
rearrangement Of Z ag.
k=1

Theorem 21 (the Riemann Rearrangement Theorem) If a series converges ab-
solutely, then every rearrangement converges to the same sum. If a series converges, but
does not converge absolutely, then for every real number s, there is a rearrangement that
converges to s.

A proof of this remarkable theorem may be found in Terence Tao’s Analysis 1.

PROBLEMS

38. We call an extended real number a cluster point of a sequence {a,} if a subsequence
converges to this extended real number. Show that liminf{a,} is the smallest cluster point
of {an} and limsup{an} is the largest cluster point of {an}.

39. Prove Proposition 19.

40). Show that a sequence {an} is convergent to an extended real number if and only if there is
exactly one extended real number that is a cluster point of the sequence.

41. Show that liminf a,, < limsupay,.
42. Prove that if, for all n, a, > 0 and b, > 0, then
limsup [an - by < (imsup ay) - (limsup by),
provided the product on the right is not of the form 0 - oc.

43. Show that every real sequence has a monotone subsequence. Use this to provide another
proof of the Bolzano-Weierstrass Theorem.

44. Let p be a natural number greater than 1, and = a real number, 0 < z < 1. Show that there
is a sequence {a, } of integers with 0 < a,, < p for each n such that
o o]
an
v=)
T
n=1 p
and that this sequence is unique except when x is of the form ¢/p",0 < ¢ < p", in which
case there are exactly two such sequences. Show that, conversely, if {an} is any sequence of
integers with 0 < an < p, the series
o<} i
pr

n=1

converges to a real number z with 0 < z < 1. If p = 10, this sequence is called the decimal
expansion of x. For p = 2 it is called the binary expansion; and for p = 3, the ternary
expansion.
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45. Prove Proposition 20.

46. Show that the assertion of the Bolzano-Weierstrass Theorem is equivalent to the Complete-
ness Axiom for the real numbers. Show that the assertion of the Monotone Convergence
Theorem is equivalent to the Completeness Axiom for the real numbers.

1.6 CONTINUOUS REAL-VALUED FUNCTIONS OF A REAL VARIABLE

Let f be a real-valued function defined on a set F of real numbers. We say that f is
continuous at the point z in F provided that for each ¢ > 0, there is a § > 0 for which

if 2’ € E and |z’ — z| < 4, then |f(z') — f(z)| < e

The function f is said to be continuous (on E) provided it is continuous at each point in
its domain F. The function f is said to be Lipschitz provided there is a ¢ > 0 for which

1f(z') — f(z)| <c- |z’ —z| for all ',z € E.

It is clear that a Lipschitz function is continuous. Indeed, for a number z € ¥ and any € > 0,
d = €/c responds to the e challenge regarding the criterion for the continuity of f at x. Not
all continuous functions are Lipschitz. For example, if f(z) = /z for 0 <z < 1, then f is
continuous on [0, 1] but is not Lipschitz.

We leave as an exercise the proof of the following characterization of continuity at a
point in terms of sequential convergence.

Proposition 22 A real-valued function [ defined on a set E of real numbers is continuous
at the point x. € E if and only if whenever a sequence {xy} in E converges to x., its image
sequence {f(x,)} converges to f(x.,).

We have the following characterization of continuity of a function on all of its domain.

Proposition 23 Let f be a real-valued function defined on a set E of real numbers. Then
f s continuous on E if and only if for each open set O,

f~HO) = ENU where U is an open set. (9)

Proof First assume the inverse image under f of any open set is the intersection of the
domain with an open set. Let = belong to E. To show that f is continuous at z, let ¢ > 0.
The interval I = (f(x) — €, f(x)+€) is an open set. Therefore, there is an open set U such
that

D) ={a'€E| f(z)—e< f(@") < f(x) + e} = ENU.

In particular, f(ENU) C I and x belongs to E NU. Since U is open, there is a § > 0 such
that (z — §, x +9) CU. Thus if ' € E and |2’ — z| < 6, then |f(z') — f(z)| < €. Hence f is
continuous at z.

Suppose now that f is continuous. Let O be an open set and x belong to f~1(0). Then
f(x) belongs to the open set O so that there is an € > 0, such that (f(xz) —e, f(z)+¢€) C O.
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Since f is continuous at z, there is a § > 0 such that if 2’ belongs to E and |2’ — x| < 4,

then |f(z') — f(x)| < €. Define I, = (x — 6,z + d). Then f(ENI;) C O. Define

U= U L.

z€ f~1(0)

Since U is the union of open sets it is open. It has been constructed so that (9) holds. [J

The Extreme Value Theorem A continuous real-valued function on a non-empty,
closed, bounded set of real numbers takes a minimum and mazrimum value.

Proof Let f be a continuous real-valued function on the non-empty closed bounded set F
of real numbers. We first show that f is bounded on FE, that is, there is a real number M
such that

|f(z)] < M for all z€ E. (10)

Let = belong to E. Let 6 > 0 respond to the ¢ = 1 challenge regarding the criterion for
continuity of f at x. Define I, = (z — §, x + &). Therefore, if ' belongs to E N I, then
|f(z") — f(x)] <1 and so |f(z')| < |f(x)| + 1. The collection {I,},c g is an open cover of
E. The Heine-Borel Theorem tells us that there are a finite number of points {zy,...,z,}
in F such that {I;, }}_, also covers E. Define M = 1+ max{|f(z1)l,...,|f(zn)|}. We claim
that (10) holds for this choice of E. Indeed, let « belong to E. There is an index k such that
x belongs to I, and therefore |f(z)| < 14 |f(zk)| < M. To see that f takes a maximum
value on F, define m = sup f(E). If f failed to take the value m on E, then the function
x— 1/(f(z) —m),z € E is a continuous function on E which is unbounded. This contra-
dicts what we have just proved. Therefore, f takes a maximum value on E. Since —f is
continuous, — f takes a maximum value, that is, f takes a minimum value on E. []

The Intermediate Value Theorem Let f be a continuous real-valued function on the
closed, bounded interval [a, b] for which f(a) < ¢ < f(b). Then there is a point xo in (a, b)
at which f(xg) = c.

Proof We will define by induction a descending countable collection {[ay,, b,]}22 of closed
intervals whose intersection consists of a single point z € (a, b) at which f(zy) = c. Define
a1 = a and by = b. Consider the midpoint m, of [a1, b1]. If ¢ < f(m1), define as = a1 and
by = my. If f(my) > ¢, define ay = my and by = by. Therefore, f(az) < ¢ < f(by) and
by — a2 = [b1 — a1]/2. We inductively continue this bisection process to obtain a descending
collection {[a,, b,]}22, of closed intervals such that

flan) <c < f(by) and b, — @, = [b—a]/2""! for all n. i)

According to the Nested Set Theorem, () ", [ay, by,] is non-empty. Choose zg in (), [an, by).
Observe that
lan — 20| < by —a, = [b—a]/2" " for all n.

Therefore {a, } — z¢. By the continuity of f at zo, {f(an)}— f(zo). Since f(a,) < ¢ for
all n, and the set (—oo, ¢ is closed, f(xg) < ¢. By a similar argument, f(z¢) > c¢. Hence

f(zo) =c. [
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Definition A real-valued function f defined on a set E of real numbers is said to be
uniformly continuous provided for each € > 0, there is a & > 0 such that for all z, 2’
i E,

if | — 2’| < 8, then |f(z) — f(2')] < e

Theorem 24 A continuous real-valued function on a closed, bounded set of real numbers
is uniformly continuous.

Proof Let f be a continuous real-valued function on a closed bounded set E of real numbers.
Let € > 0. For each z € E, there is a §, > 0 such that if 2’ € £ and |2’ — z| < 4,, then
|f(z") — f(x)| < €/2. Define I, to be the open interval (x — 65 /2,  + §,/2). Then {I;}zc E
is an open cover of E. According to the Heine-Borel Theorem, there is a finite subcollection
{I;,,.... I, } which covers E. Define

i
D= émin{éxl,...,émﬂ}.

We claim that this § > 0 responds to the e > 0 challenge regarding the criterion for f to
be uniformly continuous on E. Indeed, let = and 2’ belong to E with |z — 2’| < 4. Since
{I;,,...,1. } covers E, there is an index k for which |z — x| < 4, /2. Since |z — 2| < § <
0z, /2,

|2 — x| < |2’ — x|+ |z — 2k| < 02, /2 + 02, /2 = Oa,.

By the definition of d,, , since |z — x| < J,
and |f(z") — f(xk)| < €/2. Therefore,

[f(@) = f(&)] < |f(x) = F(@e)l + |F (@) — flan)| <e/2+€/2=e O

and |z’ — x| < 6., we have |f(z)— f(zr)| < €/2

k

Definition A real-valued function f defined on a set E of real numbers is said to be
increasing provided f(x) < f(z') whenever z,z’ belong to E and © < x’, and decreasing
provided — f s increasing. It is called momnotone if it is either increasing or decreasing.

Let f be a monotone real-valued function defined on an open interval I that contains the
point 9. We infer from Theorem 15 and its proof that if {x,} is a decreasing sequence in
I N (zp, o) which converges to zg, then the sequence {f(z,)} converges to a real number
and the limit is independent of the choice of sequence {x,}. We denote the limit by f(z{).
Similarly, we define f(x ). Then clearly f is continuous at x( if and only if f(z, ) = f(xo) =
f(zg). If f fails to be continuous at zg, then the only point of the image of f that lies strictly
between f(z§) and f(zy ) is f(xo) and f is said to have a jump discontinuity at z,. Thus,
by the Intermediate Value Theorem, a monotone function on an open interval is continuous
if and only if its image is an interval (see Problem 55).

PROBLEMS

47. Let E be a closed set of real numbers and f a real-valued function that is defined and
continuous on F. Show that there is a function g defined and continuous on all of R such
that f(z) = g(x) for each x € E. (Hint: Take g to be linear on each of the intervals of which
R ~ E is composed.)
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48.

49.

50.

51.

o2,

53.

54.

35.

96.

a7.

38.

39.

Define the real-valued function f on R by setting

T if = irrational

f(z) =
psin % if x = g in lowest terms.

At what points is f continuous?

Let f and g be continuous real-valued functions with a common domain £.

(i) Show that the sum, f + g, and product, fg, are also continuous functions.

(ii) If A is a continuous function with image contained in F, show that the composition foh
is continuous.

(iii) Let max{f, g} be the function defined by max{f, g}(z) = max{f(z),g(x)}, for z€ E.
Show that max{ f, g} is continuous.

(iv) Show that |f| is continuous.

Show that a Lipschitz function is uniformly continuous but there are uniformly continuous
functions that are not Lipschitz.

A continuous function ¢ on [a, b is called piecewise linear provided there is a partition
a=x9< x1 < -+ < Ty = bof [a, b] for which ¢ is linear on each interval [z;,x;41]. Let
f be a continuous function on [a, b| and € a positive number. Show that there is a piecewise
linear function ¢ on [a, b] with |f(z) — ¢(z)| < € for all = € [a, b].

Show that a non-empty set E of real numbers is closed and bounded if and only if every
continuous real-valued function on E takes a maximum value.

Show that a set F of real numbers is closed and bounded if and only if every open cover of
E has a finite subcover.

Show that a non-empty set F of real numbers is an interval if and only if every continuous
real-valued function on £ has an interval as its image.

Show that a monotone function on an open interval is continuous if and only if its image is
an interval.

Let f be a real-valued function defined on R. Show that the set of points at which f is
continuous is a G5 set.

Let {fn} be a sequence of continuous functions defined on R. Show that the set of points z
at which the sequence {fn(z)} converges to a real number is the intersection of a countable
collection of F, sets.

Let f be a continuous real-valued function on R. Show that the inverse image with respect
to f of an open set is open, of a closed set is closed, and of a Borel set is Borel.

A sequence {fn} of real-valued functions defined on a set F is said to converge uniformly
on F to a function f if given € > 0, there is an N such that for all z € ' and all n > N, we
have |fn(z) — f(z)| < e. Let { fn} be a sequence of continuous functions defined on a set F.
Prove that if { fn} converges uniformly to f on E, then f is continuous on E.
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2.1 INTRODUCTION

The Riemann integral of a bounded function over a closed, bounded interval is defined using
approximations of the function by step-functions, which are constructed by partitioning
its domain into subintervals. The generalization of the Riemann integral to the Lebesgue
integral will be achieved by using approximations of the function by simple functions, which
are constructed by partitioning into intervals the range of the function and considering
preimages of these intervals. In this chapter, properties of individual measurable sets and
of the collection of measurable sets are established.

Each interval is Lebesgue measurable. The richness of the collection of Lebesgue mea-
surable sets provides better upper and lower approximations of a function, and therefore of
its integral, than are possible by just employing step-functions. This leads to a larger class
of functions that are Lebesgue integrable over very general domains and an integral that
has better properties. For instance, under quite general circumstances, we prove that if a
sequence of functions converges pointwise to a limiting function, then the integral of the
limit function is the limit of the integrals of the approximating functions.

The length ¢(I) of an interval I is defined to be the difference of the end-points of I
if I is bounded, and oo if I is unbounded. Length is an example of a set-function, that is, a
function that associates an extended real number to each set in a collection of sets. In the
case of length, the domain is the collection of all intervals. In this chapter, the set-function
length is extended to a large collection of sets of real numbers. For instance, the “length” of
an open set is the sum of the lengths of the countable number of open intervals of which it
is composed. However, the collection of sets consisting of intervals and open sets is still too
limited for our purposes. We construct a collection of sets called Lebesgue measurable
sets, and a set-function of this collection called Lebesgue measure, denoted by m. The
collection of Lebesgue measurable sets is a o-algebra! which contains all open sets and all
closed sets. The set-function m possesses the following three properties.

IRecall that a collection of subsets of R is called a o-algebra provided it contains R and is closed with
respect to complements and countable unions; by De Morgan’s Identities, such a collection is also closed
with respect to countable intersections.

29
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The measure of an interval is its length FEach interval [ is Lebesgue mea-

surable and
mi(l)=4(I).

Measure is translation invariant If E is Lebesgue measurable and y is any number,
then the translate of F by y, E +y = {x + y|x € E}, also is Lebesgue measurable
and

m(E +y) = m(E).

Measure is countably additive over countable, disjoint unions of sets?

If {E;}72, is a countable, disjoint collection of Lebesgue measurable sets, then

m (U Ek) = Zm(Ek)

k=1

It is not possible to construct a set-function that possesses the above three properties
and is defined for all sets of real numbers. The response to this limitation is to construct a
set-function on a very rich class of sets that does possess the above three properties. The
construction has two stages.

We first construct a set-function called outer-measure, which we denote by m*. It is
defined for any set, and thus, in particular, for any interval. The outer-measure of an interval
is its length. Outer-measure is translation invariant. However, outer-measure is not finitely
additive, much less countably additive (see Corollary 24). But it is countably monotone in
the sense that if {Ex}7°, is any countable collection of sets, disjoint or not, that covers a
set E, then

oo o0

k=1 k=1
The second stage in the construction is to determine what it means for a set to be Lebesgue
measurable and show that the collection of Lebesgue measurable sets is a g-algebra that
contains all open sets, and all sets of outer-measure zero. We then restrict the set-function
m™* to the collection of Lebesgue measurable sets, denote it by m, and prove m is countably
additive. We call m Lebesgue measure.

PROBLEMS

In the first three problems, let p be a set-function defined for all sets in a o-algebra A with
values in [0, oo], and p be countably additive over countable disjoint collections of sets in A.

1. Prove that if A and B are two sets in A with A C B, then pu(A) < p(B). This property is
called monotonicity.

2. Prove that if there is a set A in the collection A for which pu(A) < oo, then p(0) = 0.
3. Let {Ex}72, be a countable collection of sets in A. Prove that p({re; Ex) < > peq #(Ek).

4. A set-function ¢ is defined on all subsets of R as follows: define ¢(E) to be oo if E has
infinitely many members and ¢(E) to be the number of members in E if E is finite, and
define ¢() = 0. Show that ¢ is a countably additive and translation invariant set-function.
This set-function is called the counting measure.

2For a collection of sets to be disjoint, we mean what is sometimes called pairwise disjoint, that is, that
each pair of sets in the collection has empty intersection.
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2.2 OUTER-MEASURE

Let I be an interval of real numbers. Define its length, ¢(I), to be oo if I is unbounded and
otherwise define its length to be the difference of its end-points. For a set A of real numbers,
consider all countable collections {I;}32, of open, bounded intervals that cover A, in the
sense that A C U}?;1 I}.. For each such collection, consider the sum of the lengths of the
intervals in the collection. The outer-measure of A, m*(A), is defined to be the infimum
of all such sums, that is,

m*(A) = inf {Z 0(Ip,)

AC Gfk}
k=1

It follows immediately from the definition of outer-measure that m*(0) = 0. Moreover, since
any cover of a set B is also a cover of any subset of B, outer-measure is monotone in the
sense that

if A C B, then m*(A) < m*(B).

Example A countable set C' has outer-measure zero. Indeed, let C' be enumerated as
C={ci}32,- Let € > 0. For each k, define I}, = (cx — €¢/2¥"1, ¢) + €/2%*1). The countable
collection of open intervals {I;}72, covers C. Therefore,

oo

0<m*(C) <) UL) = ¢/2"=-

k=1

This inequality holds for each € > 0, and so m*(C) = 0. According to Proposition 25, there
is a non-countable set, the Cantor set, which has measure zero.

Lemma 1 (von Neumann) For a bounded set E, define its integral count, p'"t(E),
to be the number of integers in E. For each ¢ > 0, define the e-dilation T.: R — R by
T.(x) = €-x. Then for each bounded interval I,

i PHTAD)

€—00 €

= ¢(I). (1)

Proof If I has end-points a and b, there is the following estimate for p™*(I):
(b—a)—1< ™)< (b—a)+1.
For € > 0, replace the interval I by the dilated interval 7¢(I) to obtain the estimate
e-(b—a)—1< ™ (T.(I))<e-(b—a)+1].
Divide this inequality by € and take the limit as € — oo to establish (1). l

Proposition 2 If the bounded interval I is covered by a finite collection {Ii.}}_, of bounded
intervals, then

(1) <> e(Ie).
k=1



32 Chapter 2 Lebesgue Measure

Proof For each € > 0, the bounded interval T,(I) is covered by the collection of bounded
intervals {7,(1%)}7 .. It is clear that the integer count is finitely monotone, and so

prHTD) < Y pimH(T(1%)) for all e.

k=1

Divide each side by e, take the limit as ¢ — oo and, by the preceding lemma, conclude the
proof. [

Proposition 3 The outer-measure of an interval is its length.

Proof We begin with the case of a closed, bounded interval [a,b]. Let € > 0. Since the
open interval (a — €, b+ €) contains [a, b], we have m*([a,b]) < £((a —€,b+¢€)) = b—a+ 2e.
This holds for any ¢ > 0, and so m*([a,b]) < b — a. It remains to verify this inequality in
the opposite direction, which this is equivalent to showing that if {I;}7° , is any countable
collection of open, bounded intervals covering [a, b], then

b—a < UI).
k=1

By the Heine-Borel Theorem?, any collection of open intervals covering [a,b] has a finite
subcollection that also covers [a, b]. Choose an index n for which {I;}}_, covers [a, b]. To
verify the above inequality, it suffices to show that

b—a < U(Ix).
k=1

However, this follows from the preceding proposition. Now consider the case of a general
bounded interval I. Given € > 0, there are two closed, bounded intervals J; and .J> such
that

Ji1 CIC Jy while £(I) —e < £(Jy) and £(J2) < €(I) + €.

By the equality of outer-measure and length for closed bounded intervals and the mono-
tonicity of outer-measure,

LI)—e<l(Jr)=m"(J1) <m*(I) <m*(J2) =£(J2) < {(I)+e
This holds for each € > 0. Therefore, £(1) = m*(I).

If I is an unbounded interval, then for each natural number n, there is an interval
J C I with £(J) = n. We have m*(I) > m*(J) = £(J) = n. This holds for each n, and
therefore m*(I) = oc. O

Proposition 4 Quter-measure is translation invariant, in the sense that for any set E
and any ¢, if E+c={x+clz € E},

m*(E +¢) = m*(E).

3See page 18.
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Proof Observe that if {I;}7°, is any countable collection of sets, then {I;}?2, covers E
if and only if {I; + ¢}, covers E + c¢. Moreover, if each I} is an open interval, then each
I, + ¢ is an open interval of the same length and so

> eIk) = Ik + o).
k=1 k=1
It follows that m*(E + ¢) = m*(E). [

Proposition 5 Quter-measure is countably monotone, in the sense that if { E}32, is
any countable collection of sets, disjoint or not, that covers a set E, then

m*(E) < m* (U Ek) <> m*(Ey).
k=1 k=1

Proof The left-hand inequality follows from the monotonicity of outer-measure. If one of
the Ej’s has infinite outer-measure, the right-hand inequality holds trivially. We therefore
assume that each of the Ej's has finite outer-measure. Let € > 0. For each k, there is a
countable collection {1 ;}22, of open, bounded intervals for which

7% - U I ; and ZE(I'“"E) <m*(Eg) +e/2k.

i=1 i=1

Now, {11 ; }1<k.i<oo 18 a countable collection of open, bounded intervals that covers | Jr-; Ej,
and consequently,
1 L

[m*(Ei) + ¢/2¥]

M8
g

(1 k,i)}

k 1

m* (G Ek) = Z Ulpz) =

k=1 1<k,i<00

18

<

=
I
-

| —

> (B0 +e

k=1
Since this holds for each € > 0, it also holds for e = 0. ]

PROBLEMS

5. By using properties of outer-measure, prove that the interval [0, 1] is not countable.
6. Let A be the set of irrational numbers in the interval [0, 1]. Prove that m*(A) = 1.

7. A set of real numbers is said to be a G5 set provided that it is the intersection of a countable
collection of open sets. Show that for any bounded set E, there is a G5 set G for which

E C G and m*(G) = m*(E).
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8. (Jordan content) The Jordan content of a set is defined as is outer-measure m*, except that

only finite coverings of the set by open, bounded intervals are considered. Prove that if the
set @ N[0, 1] is covered by the finite collection {¢(I})}}—y, then > 7, €(I) > 1.

9. Suppose that outer-measure is defined by covering sets by countable collections of closed,
bounded intervals rather than coverings by open, bounded intervals. Show that the outer-
measure remains unchanged.

10. Prove that if m™(A) = 0, then, for any set B, m*(AU B) = m™(B).

11. Let A and B be bounded sets for which there is an a > 0 such that |a — b > « for all
a€ A, be B. Prove that m*(AU B) = m*(A) + m*(B).

2.3 THE 0-ALGEBRA OF LEBESGUE MEASURABLE SETS

Outer-measure has four virtues: (i) it is defined for all sets of real numbers; (ii) the outer-
measure of an interval is its length, (iii) it is countably monotone, and (iv) it is translation
invariant. But outer-measure fails even to be finitely additive. According to Corollary 24,
there are disjoint sets A and B for which

m*(AU B) < m*(A) + m*(B). 2)

To ameliorate this fundamental defect, we select a o-algebra of sets, called the Lebesgue
measurable sets, which contains all open sets and all sets of outer-measure zero, and the
restriction of the set-function outer-measure to the collection of Lebesgue measurable sets
is countably additive. There are a number of ways to define what it means for a set to be
measurable. We follow an approach due to Constantin Carathéodory.

Definition A set E is said to be Lebesgue measurable, or simply measurable, provided
that for any set A%,
m*(A) =m* (AN E)+m* (A~ E).

The collection of measurable sets is denoted by M.

We immediately see one advantage possessed by measurable sets, namely, that the
strict inequality (2) cannot occur if one of the sets is measurable. Indeed, if, say, A is
measurable and B is any set disjoint from A, then

m*(AU B) = m*([AU B] N A)) + m*([AU B)] ~ A) = m*(A) + m*(B).

So, if a set E is measurable, then outer-measure m* is additive over particular partitions
of any set A, namely, as A =[AN E]U[A ~ E]. Since outer-measure is finitely monotone
and A=[ANE|U[A ~ E], we always have

m*(A) <m*(ANE)+m*(A ~ E).

4Recall that we denote by A ~ B the set {x € A|z ¢ B}, the relative complement of B in A.
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Therefore, E is measurable if and only if for each set A,
m*(A) > m* (ANE)+m*(A ~ E). (3)

This inequality trivially holds if m*(A) = oo. Consequently, it suffices to establish (3) for
sets A for which m*(4) < oc.

Observe that the definition of measurability is symmetric in £ and R ~ FE, and
therefore a set is measurable if and only if its complement is measurable. Clearly, the set R
is measurable.

Lebesgue outer-measure has the following excision property.

Proposition 6 If Ey C E, Ey is measurable and m*(Eg) < oo, then
m* (E ~ Eg) = m* (E) — m*(Fo). (4)
Proof Since Ej is measurable,
m*(E) = m*(Ep) + m*(E ~ Ep),
and therefore, since m*(Ey) < oo, (4) holds. O]
Proposition 7 Any set of outer-measure zero is measurable.
Proof Assume that m*(E) = 0. Let A be any set. Since
ANECFEand A ~ ECA,
by the monotonicity of outer-measure,
m"(ANE) <m"(E)=0and m* (A~ E) <m*(A).
Therefore,
m*(A)>2m* (A~E)=0+m*"(A~E)=m*(ANE)+m*" (A ~ E),
and so F is measurable. ]
Proposition 8 The translate E + ¢ of a measurable set E is measurable.
Proof By the translation invariance of outer-measure and the measurability of E, for any
set A,
m*(A) =m*(A—c) =m*([A—NE)+m*([A—¢] ~ E)
=m*(AN[E+d)+m* (A ~ [E+]).

Therefore, E + ¢ is measurable. L]

Proposition 9 The union of a finite collection of measurable sets is measurable.



36 Chapter 2 Lebesgue Measure

Proof We show that the union of two measurable sets E; and F, is measurable. The
general case follows by induction. Let A be any set. First using the measurability of F,
and then the measurability of E5, we have

m*(A) =m* (AN E;) + m*"(A ~ E)

— m*(AﬂE1)+m*([A ~ EﬂﬂEz)-ﬁ-m*([A ~ El} ~ Eg).
There are the following set identities:
[A ~ El} ~ Fy=A ~ [E1UE2]

and
[ANE]JU[[A ~ E1]NE3] = AN[E; U Ey).

It follows from these identities and the finite monotonicity of outer-measure that

m*(A) =m*(AN E1) + m*([A ~ E1]N E3) + m*([A ~ Ey] ~ E»)
= m*(A N El) + m*([A Bt El] DEQ) + m*(A ~ [E1 UEQ])
> m*(Aﬂ [E] U Eg]) + m*(A ~ [El U Eg])
Therefore, E1 U Es is measurable. O

A collection of subsets of R is called an algebra provided that it contains R and is
closed with respect to relative complements and finite unions; by De Morgan’s Identities,
such a collection is also closed with respect to finite intersections. It follows from this
proposition, together with the measurability of the complement of a measurable set, that
the collection M of measurable sets is an algebra.

Proposition 10 If A is any set and {Ey}}_, is a finite, disjoint collection of measurable

sets, then
m* (Am U Ek;:|) — Zm*(AmEk)_

k=1

In particular,

Proof The proof proceeds by induction on n. It is clearly true for n = 1. Assume that it is
true for n — 1. Since the collection {Ej}7_; is disjoint,

AN

T
UEk} NE,=ANE,
k=1

and

AN

Ul

k=1

n
UE,C} By = AN
k=1
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Consequently, by the measurability of E,, and the induction assumption,

(400 5]) = metan gy (4 00 2))

n—1
=m*(ANE,)+ ) _ m* (AN Ey)
k=1

n

=Y " m* (AN Ey).

k=1

O]

Definition A countable, disjoint collection {Ey}3>, of measurable subsets of E is called a
measurable partition of E provided that E = ;- , Ex.

Lemma 11 Let £ = |J;_, Ex, a countable union of measurable sets. Then there is a
measurable partition {E}}%°, of E for which each Ej C Ej.

Proof Define E] = E; and for each k£ > 2, define
k—1
E, = E.~ | J E..
i=1
Since the collection of measurable sets is an algebra, each E; is measurable, The collection

{E} }?2 , was constructed to be disjoint, and it is a measurable partition of E. since for each
x € E, there is a first index k for which =z € Ej. and so x € E. ]

Proposition 12 The union of a countable collection of measurable sets is measurable.

Proof Let E be the union of a countable collection of measurable sets. By the preceding
lemma, there is a measurable partition {E;}72, of E. Let A C R be any set. For each n,
define F,, = U:=1 Ej. The measurable sets are an algebra, and therefore £}, is measurable,
so that, by the inclusion F,, C F,

m*(A)=m*(ANF,)+m* (A ~ F,) >m*(ANF,) + m*(A ~ E).
By the preceding proposition,
m (AN F,) =) m*(AN Ey).
k=1
Therefore,
m*(4) > Y " m* (AN E;) + m*(A ~ E).

k=1
The left-hand side of this inequality is independent of n, so that

m*(A) > Y m* (AN Ex) + m* (A ~ E).
k=1
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Consequently, by the countable monotonicity of outer-measure,
m*(A) >m*"(ANE)+m* (A ~ E),

and therefore F/ is measurable. ]
Proposition 13 FEuvery interval is measurable.

Proof Since the collection of measurable sets is a g-algebra, to show that every interval
is measurable, it suffices to show that every interval of the form (a, 00) is measurable (see
Problem 12). Consider such an interval. Let A be any set. Assume that a does not belong
to A. Otherwise, replace A by A~ {a}, and, of course, if A~ {a} is measurable, so is A. We
must show that

m*(Ay) +m*(Az) < m*(A), ()
where
A1 = AN (—o00,a) and A2 = AN (a,0).
By the definition of m*(A) as an infimum, to verify (5), it is necessary and sufficient to
show that for any countable collection {I;}%2, of open, bounded intervals that covers A,

m* (A1) +m*(A2) <D U(Ix). (6)
k=1

For such a covering and each index k, define
It = Iy N (—o00,a) and I} = I}, N (a,00).
Then I, and I}’ are intervals and
0(Ix) = £(I) + £(13).

Since {1}, }92, and {I}/}?2 | are countable collections of open, bounded intervals that cover
Aj and As, respectively,

m*(A,) SZ (1) and m*(Az) <Y ¢(I}).
: k:

Consequently,
m*(Ay) +m*(Az) < 3 U(L) + > Iy,
k=1 k=1
= > [I;) + €(Iy)]

k=1

= 2 (1)

k=1
Therefore, (6) holds and the proof is complete. []

A collection of subsets of R is called an o-algebra provided that it is an algebra
and is closed with respect to countable unions; by De Morgan’s Identities, such a collection
is also closed with respect to countable intersections. We have shown that the collection
of measurable sets, M, is an algebra, and so it follows from Proposition 12 that it is a
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o-algebra. Since every open set is the union of a countable collection of open intervals® by
the preceding two propositions, every open set is measurable. Every closed set, being the
complement of an open set, is measurable. A set of real numbers is said to be a G5 set
provided that it is the intersection of a countable collection of open sets and said to be an
F, set provided that it is the union of a countable collection of closed sets. Since M is a
o-algebra, every G4 set and every F, set is measurable.

Let & be a collection of subsets of R. Then § is contained in the o-algebra of all
subsets of R. Define A to be the intersection of all g-algebras that contain §. Then A is
the smallest o-algebra that contains S, smallest in the sense that A is a o-algebra that
contains § and is contained in any other o-algebra that contains §. The Borel o-algebra
B is defined to be the smallest o-algebra that contains all open sets. Since M is such
a o-algebra, we have, by minimality, the inclusion B C M. According to Proposition
28, there are measurable sets that are not Borel sets. The following theorem has been
proven.

Theorem 14 The collection M of measurable sets is a o-algebra that contains the Borel
o-algebra and all sets of outer-measure zero.

PROBLEMS

12. Prove that if a o-algebra of subsets of R contains intervals of the form (a, oo), then it
contains all intervals.

13. Show that (i) the translate of an Fj set is also Fy, (ii) the translate of a G set is also Gy,
and (iii) the translate of a set of measure zero also has measure zero.

14. Show that if a set F has positive outer-measure, then there is a bounded subset of E that
also has positive outer-measure.

15. Show that if m(E) < oo and ¢ > 0, then E is the disjoint union of a finite number of
measurable sets, each of which has measure at most e.

2.4 FINER PROPERTIES OF MEASURABLE SETS

Definition The restriction of the set-function outer-measure to the o-algebra of measur-
able sets M is called Lebesgue measure or simply measure. It is denoted by m, so that
if E is a measurable set, its Lebesque measure, m(E), is defined by

m(E) = m*(E).

Theorem 15 (the Regularity of Lebesgue Measure) If E is Lebesque measurable
and € > 0, then there is a closed set F' and an open set O for which

FCECO, m(O~F)<eand m(E~F) <e. (7)

Proof We establish the open outer-approximation in two steps. First, consider the case
m(E) < oco. By the definition of outer-measure, there is a countable collection of open,

5See page 17.
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bounded intervals {I;} that covers E and for which Y -, ¢(I;) < m(E) + . Define O =
U2 1. Then E is contained in the open set O. Moreover, by the countable monotonicity
of measure, m(0) < 377 | #(I;;). Consequently, by the excision property of measure, since
m(E) < oo,

m(O ~ E) =m(0) —m(FE) < e.

So the open outer-approximation holds if m(E) < co. Now consider the case m(FE) = oo. Fix
k and define Ej, = EN[—k, k|. Then m(E%x) < oo and so, by what has just been established,
there if an open set Oy for which

Eir € O and m(Of ~ Ei) < E/Qk.

Define O = |J,—; Ok, so that O is open and O ~ E C [J;- (O ~ Ey). By the countable
monotonicity of measure,

<> m(Ok ~ Ey)
k=1

So the open outer-approximation property holds.

To establish the closed inner-approximation property of E, we use the open outer-
approximation property of the measurable set R ~ E. There is an open set U for which

R~ECUand m(U ~ (R~ FE)) <e
Define F' =R ~ U. Then F'is a closed subset of £ and
E~F=E~R~U=ENU=U~ (R~ E).

Therefore,
m(E~F)=m(lU ~ (R~ E)) <e. L

Corollary 16 If E is measurable, then there is a Gs set G and an F, set F' for which
FCECG mG~E)=0andm(E~F)=0. (8)

Proof For each n, by the preceding theorem, there is a closed set F), and an open set O,

for which

F, CECOy m(O,~FE)<1l/nand m(E ~ F,) < 1/n. (9)
Define - -
G= m@nandFE UF“
n=1 =
Then G is a G set, F' is an F, set, and, by (9), m(G ~ E) =m(E ~ F) =0. L]

We will frequently use the following elementary characterization of measurability.

Corollary 17 A set of real numbers is measurable if and only if it is a Gs set from which
a set of measure zero has been excised.
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Proof Let E be measurable. According to the preceding corollary, there is a G5 set G for
which £ C G and m(G ~ E) = 0. Therefore, E = G ~ [G ~ E|, a G5 set from which a set
of measure zero has been excised. Since M is a o-algebra, any such set is measurable. []

Theorem 18 The collection M of Lebesgue measurable, sets is the smallest a-algebra that
contains the Borel o-algebra and all sets of outer-measure zero.

Proof Let S be the union of the Borel o-algebra and all sets of outer-measure zero, and let
A be the smallest o-algebra that contains S. Since every open set and every set of outer-
measure zero is measurable, by the minimality of A, A C M. According to the preceding
corollary, if F is a measurable set, then E is a G set from which a set of measure zero has
been excised and so E belongs to A. Consequently, M C A, and so M = A. l

The following property of measurable sets of finite measure asserts that such sets are,
roughly speaking, “nearly” equal to the disjoint union of a finite collection of open, bounded
intervals.

Theorem 19 If m(E) < oo and € > 0, then there is a finite, disjoint collection of open,
bounded intervals {1}, }7_, for which, if U =Jy_, Ik, then®

MUUE)—mUNE)=mU~E)+m(E~U) <e.
Proof According to Theorem 15, there is an open set O that contains E and
m(O ~ F) < €/2. (10)

Since m(FE) < oo, by the excision property of measure, m(Q) < co. Now O, being open, is
the disjoint union of a countable collection {I}}?2, of open intervals and, by the countable

additivity of measure,
oo

> UIx) = m(0) < .

k=1

Choose an n for which

i 0(Ix) < €/2.

k=n+1

Define U = | J,_, I1.. Since U ~ E C O ~ E, it follows from (10) that
mU~FE) <e€/2.

On the other hand, since £ C O,

6For two sets A and B, the symmetric difference, which is denoted by AAB, is defined to be the set
[A~ B] U [B ~ A]. Using this notation, the conclusion is that m(E AlU) < e.
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so that -
m(E~O0)< > UI) <¢/2.
k=n-+1
Therefore,
mU~E)+m(E~U) <e. H
PROBLEMS

16. Show that a set F' is measurable if for each € > 0, there is a closed set F' and open set O for
which FC EC O and m(O~F) <e.

17. Assume that m*(E) < oo. Show that there is a G4 set G that contains E and m(G) =
m”(E). Show that F is measurable if and only if there is a G5 set that contains G and
m*(G ~ E) =0.

18. Assume that m™(E) < oc. Show that if E is not measurable, then there is an open set O
containing £ that has finite outer-measure and for which

m* (O~E)>m*(0) —m*(E).
19. (Lebesgue’s definition of measurability) Let E have finite outer-measure. Show that E is

measurable if and only if for each open, bounded interval (a, b),

b—a=m"((a, b)) N E)+m™((a, b) ~E).

20. For any set A, define m**(A) € [0, oo] by
m™*(A) = inf {m*(O) ‘ O 2 A,0O open} .

* related to outer-measure m”™?

How is this set-function m*
21. For any set A, define m***(A) € [0, oo] by
m™**(A) = sup {m*(F) | BPC A F Closed}.

*

How is this set-function m*** related to outer-measure m*?

2.5 COUNTABLE ADDITIVITY AND CONTINUITY OF MEASURE, AND THE
BOREL-CANTELLI LEMMA

Theorem 20 (the Countable Additivity of Measure) Lebesgue measure is countably
additive, in the sense that if {Ex}72, is a measurable partition of E, then

m(E) =Y m(E).
k=1

Proof According to Proposition 12, | J;—, F) is measurable, and according to Proposition
5, outer-measure is countably monotone. Therefore,

m ([j Ek) < im(Ek) (11)
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It remains to prove this inequality in the opposite direction. By the finite additivity of

measure, for each n,
n n
k=1

k=1
Since |J,—, Ex contains |J;_, Ex, by the monotonicity of outer-measure and the preceding

equality,
(U Ek) > Z (E)) for each n.

The left-hand side of this inequality is 1ndependent of n. Consequently,
m (U Ek) > m(Ey). (12)
From the inequalities (11) and (12), it follows that these are equalities. ]
According to Proposition 3, the outer-measure of an interval is its length while ac-

cording to Proposition 4, outer-measure is translation invariant. Therefore, the preceding
proposition completes the proof of the following theorem.

Theorem 21 The set-function Lebesque measure, defined on the o-algebra of Lebesgue
measurable sets M, assigns length to any interval, is translation invariant, and is countably
additive.

A countable collection of sets { Ey }$2; is said to be ascending provided that for each
k, By C Eiyq, and said to be descending provided that for each k, Ep 1 C Ej.

Theorem 22 (the Continuity of Measure)

(1) If {A}32 is an ascending collection of measurable sets, then

(U Ak) = lim m(A). (13)

(it) If {Br}32, is a descending collection of measurable sets and m(B;) < oo, then

(ﬂ Bk) = lim m(By). (14)

Proof We first prove (i). If there is an index ko for which m(Ay,) = oo, then, by the
monotonicity of measure, m (|, ; Ax) = oo and m(A;) = oo for all k > k. Therefore, (13)
holds since each side equals oco. It remains to consider the case that m(Ax) < oo for all k.
Define Ay = () and then define C}. = A, ~ A;_; for each k > 1. By construction, since the
collection {A;}?2 ;| is ascending,

{Cr}2, is disjoint and U Ag = U Ck.
k=1 k=1



44  Chapter 2 Lebesgue Measure

By the countable additivity of m,

m(U Ak) =m(U Ck) = m(Ap~ Ay ). (15)
k=1 k=1 k=1

The collection { A }22 , is ascending, and since each m(Ay) < oo, it follows from the excision
property of measure that

émmwm_l) - ki [m(Ax) — m(Ag_1)]
=limy, ., o Z m(Ax) — m(Ag-1)] (16)
= hmn_,oo[m( Ap) —m(Ao)].

Since m(Ag) = m(0) = 0, (13) follows from (15) and (16). To prove (ii), define Dy = By ~ By
for each k. Since the collection { By }$2 , is descending, the collection {Dy}72 ; is ascending.

By part (i),
(U Dk) = hm m(Dy).

According to De Morgan’s Identities,

UDR U[Blek By~ () B

k=1

On the other hand, by the excision property of measure, for each k, since m(Bj) < oc
m(Dy) = m(By) — m(By). Therefore,

?

m (Bl ~ Bk) = lim_[m(B1) — m(B)]-

k=1

Once more using the excision property of measure, we obtain (14). L]

The Borel-Cantelli Lemma If {E}}32, is a countable collection of measurable sets for
which 3o, m(Ey) < oo, then almost all x € R belong to at most finitely many of the Eys.

Proof For each n, by the countable monotonicity of m,
oo
n(U ) <3 mie
k=n k=n
Consequently, by the continuity of measure,
(AU 5] ) = gm0 5 < i, 3t 0.
n=1 k=n k=n

Therefore, almost all z € R fail to belong to ()—; [Ur—,, Ex] , which means that they belong
to at most finitely many Fy's. L]



Section 2.6 Vitali's Example of a Non-measurable Set 45

PROBLEMS

22. Show that if £ and Es are measurable sets of finite measure, then

m(El U EQ) - m(El N Eg) = m(El ~ Eg) + m(EQ ~ El).

23. Show that the assumption that m(B1) < oo is necessary in part (ii) of the theorem regarding
continuity of measure.

24. Let {E}32, be a countable, disjoint collection of measurable sets. Prove that for any set A,

m" (A N G Ek) = im*(zﬁl N Eg).
k=1

k=1

25. Let M’ be any o-algebra of subsets of R and m’ a set-function on M’ that takes values in
[0, 00), is countably additive, and such that m/(0)) = 0.
(i) Show that m’ is finitely additive, monotone, countably monotone, and possesses the
excision property.
(ii) Show that m’ possesses the same continuity properties as Lebesgue measure.

26. Show that the continuity of measure together with the finite additivity of measure are equiv-
alent to the countable additivity of measure.

27. (Arzela) Let {E}72, be a collection of measurable subsets of [a, b], and assume there is
a 0 > 0 such that m(Ey) > ¢ for each k. Show that there is an = € [a, b] that belongs to
infinitely many such E}’s.

2.6 VITALI'S EXAMPLE OF A NON-MEASURABLE SET

We have considered properties of individual measurable sets and of the collection of mea-
surable sets. It is only natural to ask if, in fact, there are any sets that fail to be measurable.
The answer is not at all obvious. If a set E has outer-measure zero, then it is measurable,
and since any subset also has outer-measure zero, every subset of F is measurable. This is
the best that can be said regarding the inheritance of measurability through the relation of
set inclusion. We now show that if £ has positive outer-measure, then there are subsets of
F that fail to be measurable.

For any non-empty set E of real numbers, define two points in F to be rationally
equivalent provided that their difference is a rational number. Clearly, this is an equivalence
relation, that is, it is reflexive, symmetric, and transitive. We call it the rational equivalence
relation on E. For this relation, there is the disjoint decomposition of E into the collection
of equivalence classes. A choice set for the rational equivalence relation on F is a set Cg
comprising exactly one member of each equivalence class. It follows from the Axiom of
Choice” that there is such a set.

Theorem 23 (Vitali) If E is a set of real numbers for which m*(E) > 0, then there is a
subset of E that is not measurable.

Proof In view of the countable monotonicity of m*, by possibly replacing F by a bounded
subset of positive outer-measure, we assume that E is bounded. Choose Crg C E to be a
choice set for the rational equivalence relation on E, that is,

the countable collection {Cg + ¢}4eq is disjoint and E C U [CE + q]-
7€Q

7See page 5.
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We claim that Cg is not measurable, and to verify this, we assume otherwise and obtain a
contradiction. Choose Q to be a countably infinite, bounded set of rational numbers. The
set |J 1€Qo [Cg + ¢ is bounded and measurable. Consequently, by the countable additivity
of measure, since {Cg + ¢},eq, is a countable, disjoint collection of measurable sets,

m(|J [Ce+dl= ) m(Cr+4q) <o
q€Qo 9€Qo

However, by the translation invariance of measure, m(Cg + q) = m(Cg), for every q € Q,
and therefore, since Qp is countably infinite, m(Cg) = 0. By the countable monotonicity of
m*, the countability of the rationals and the inclusion £ C [ J qu[CE + g], we obtain the
following contradiction:

0<m*(E) <Y m*"(Cp+q)=» m(Cr+q)=0.
qeQ 9cQ L]

Corollary 24 There are disjoint sets of real numbers A and B for which
m* (AU B) <m*(A) + m*(B).

Proof If there were not two such sets, then, by the very definition of measurable set, every
set of real numbers would be measurable, which contradicts the preceding theorem. ]

PROBLEMS
28. (i) Show that rational equivalence defines an equivalence relation on any set.
(ii) Explicitly find a choice set for the rational equivalence relation on Q, and alsoon R ~ Q.

(iii) Define two numbers to be irrationally equivalent provided that their difference is ir-
rational or zero. Is this an equivalence relation on R7 Is this an equivalence relation

on Q7

29. Show that any choice set for the rational equivalence relation on a set of positive outer-
measure must be uncountably infinite.

2.7 THE CANTOR SET AND THE CANTOR-LEBESGUE FUNCTION

In this section, we construct a set called the Cantor set and a function called the Cantor-
Lebesgue function. These provide two interesting examples: a continuous, increasing func-
tion, which has a derivative that vanishes almost everywhere, and yet the function is not
constant, and a measurable set that is not a Borel set.

Consider the closed, bounded interval I = [0, 1]. The first step in the construction
of the Cantor set is to subdivide I into three intervals of equal length 1/3 and remove the
interior of the middle interval, that is, remove the interval (1/3, 2/3) from the interval [0, 1]
to obtain the closed set C7, which is the disjoint union of two disjoint, closed intervals, each

of length 1/3:
Cy=[0,1/3]U[2/3, 1].

Repeat this “open middle one-third removal” on each of the two intervals in C; to obtain
a closed set (s, which is the disjoint union of 22 closed intervals, each of length 1/3%:

Co = 1[0, 1/9] U [2/9, 1/3] U [2/3, 7/9] U [8/9, 1].
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Now repeat this “open middle one-third removal” on each of the four intervals in Cs to
obtain a closed set C3, which is the disjoint union of 2* closed intervals, each of length 1/33.
Continue this removal operation countably many times to obtain a countable collection of
sets {C }32 . Finally, define the Cantor set C by

Ao
k=1

The collection {C }72, possesses the following two properties:

(i) {Ck}2, is a countable, descending collection of closed subsets of [0, 1], and

(ii) for each k, Cy is the disjoint union of 2* closed intervals, each of length 1/3*.
Proposition 25 The Cantor set C is a closed, uncountable set of measure zero.

Proof The intersection of any collection of closed sets is closed. Therefore, C is closed.
Each closed set is measurable, so that each C) and C itself is measurable. Now each C}.
is the disjoint union of 2% intervals, each of length 1/3%, so that by the finite additivity of
measure,
m(Cy) = (2/3)*.

By the monotonicity of measure, since m(C) < m(Cy) = (2/3)%, for all k, m(C) = 0. It
remains to show that C is uncountable. To do so, suppose otherwise, and let {cx}22, be
an enumeration of C. One of the two disjoint Cantor intervals whose union is (' fails to
contain the point ¢;; denote it by Fj. One of the two disjoint Cantor intervals in C'; whose
union is Fj fails to contain the point c2; denote it by F>. Continuing in this way, construct
a countable collection of sets {F}j}7°,, which, for each index k, possesses the following
three properties: (i) Fj is closed and Fj4q C Fy; (ii) Fy C Cy; and (iii) ¢ ¢ Fy. From (i)
and the Nested Set Theorem®, it follows that the intersection (), F) is non-empty. Let

z € Npe; Fr- By property (ii),
o0 0o
NFAc()C=C
k=1 k=1

and therefore x € C. However, {c;}$2, is an enumeration of C, so that = ¢, for some
index n. Consequently, ¢,, = z € (-, Fx C F,. This contradicts the choice of ¢,. Therefore,
C is uncountable. ]

We now define the Cantor-Lebesgue function, which is a continuous, increasing func-
tion ¢: [0, 1] — R with the remarkable property that, despite the fact that (1) > ¢(0),
its derivative exists and is zero on a set of measure 1. For each k, let O be the union
of the 2¥ — 1 intervals which have been removed during the first & stages of the Cantor
deletion process. Therefore, Cy, = [0, 1] ~ Op. Define O = |J,—, Ok. Then, by De Morgan’s
Identities, C = [0, 1] ~ O. We begin by defining ¢ on O, and then define it on C.

Fix k. Define ¢ on Oy to be the increasing function on Oy, that is constant on each of
its 2¥ — 1 open intervals and takes the 2¥ — 1 values

11795, 5/0%, 8/9%, .. s 2F — 1]/2%}.

8See page 18
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On the three intervals that are removed in the first two stages, the prescription for ¢ is

1/4  if z€(1/9, 2/9)
plx)=4 2/4 ifzxe(3/9,6/9) =(1/3,2/3)
3/4 ifze(7/9,8/9)

Extend ¢ to all of [0, 1] by defining it on C as follows:
©(0) = 0 and ¢(z) =sup {¢(t) | teON|0, x)}if x € C~{0}.

Proposition 26 The Cantor-Lebesgue function ¢: [0, 1] — R is an increasing, continuous
function that maps [0, 1] onto [0, 1]. Its derivative exists on the open set O, the complement
in [0, 1] of the Cantor set,

@' =0 o0on 0, yet m(O) =1 and ¢(1) > ¢(0).

78 + =
3/4 + .
5/8 + .

12
3/8 + =
14+ —

178 =

0 1

The graph of the Cantor-Lebesgue function on O3 = [0, 1] ~ Cj

Proof Since ¢ is increasing on O, its extension to [0, 1] also is increasing. As for continuity,
o certainly is continuous at each point in O, since each such point belongs to an open
interval on which it is constant. Now consider a point zy € C with o # 0, 1. Since z¢ € C,
it is not a member of the 2% —1 intervals removed in the first k& stages of the removal process,
the union of which is denoted by Oj. Therefore, x( lies between two consecutive intervals
in Oy: choose a;, in the lower of these and b in the upper one. The function ¢ was defined
to increase by 1/2% across two consecutive intervals in Oy. Therefore, for each k,

ar < xg < by, and p(by) — @(ax) = 1/2".

So the function ¢ fails to have a jump discontinuity at zy. For an increasing function, a
jump discontinuity is the only possible type of discontinuity. Therefore, ¢ is continuous at
xg. If z¢ is an end-point of [0, 1], a similar argument establishes continuity at zg.

Since ¢ is constant on each of the intervals removed at any stage of the removal
process, its derivative exists and equals 0 at each point in O. Since C has measure zero, its
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complement in [0, 1], O, has measure 1. Finally, since ¢(0) = 0, ¢(1) = 1 and ¢ is increasing
and continuous, it follows from the Intermediate Value Theorem that ¢ maps [0, 1] onto

[0, 1]. O

Proposition 27 Let ¢: [0, 1] — R be the Cantor-Lebesgue function and define the func-
tion ¢: [0, 1] = R by
Y(x) = o(x) + x for all z €0, 1].

Then v is a strictly increasing, continuous function that maps [0, 1] onto [0, 2],

(i) maps the Cantor set onto a measurable set of positive measure and

(i) maps a measurable set, a subset of the Cantor set, onto a non-measurable set.

Proof The function 1 is continuous, since it is the sum of two continuous functions and
is strictly increasing since it is the sum of an increasing and a strictly increasing function.
Moreover, since ¥(0) = 0 and (1) = 2, by the Intermediate Value Theorem, ([0, 1]) =
[0, 2]. For O = [0, 1] ~ C, there is the disjoint decomposition of the domain

05 1] = U @,
which, since v is one-to-one, lifts to the disjoint decomposition of its image,

[0, 2] = 9(0) U(C). (17)

A strictly increasing, continuous function defined on an interval has a continuous inverse.
Therefore, 1(C) is closed and ¥(Q) is open, so both are measurable. We will show that
m(1y(0)) = 1 from which it will follow from (17) that m(y/(C)) = 1 and thereby prove
(i). Let {Ix}32, be an enumeration (in any manner) of the collection of intervals that are
removed in the Cantor removal process. We have O = |J;-_, I1.. Since ¢ is constant on each
Iy, ¥ maps I, onto a translated copy of itself of the same length. Since v is one-to-one, the
collection {1/(Ix)}72, is disjoint. By the countable additivity of measure,

m((0)) =Y L(Ix) = > _L(Ix) = m(O).

Therefore, m(y(Q)) = 1 and so, by (17), m(¢(C)) = 1. We have established (i). To verify
(ii), observe that, according to Theorem 23, ¢/(C) contains a set W that is not measurable.
The set 1~} (W) is measurable and has measure zero, since it is a subset of the Cantor set.
The set ¢y~ (W), a subset C, is mapped by 1 to a non-measurable set. O

Proposition 28 There is a measurable set, a subset of the Cantor set, that is not a Borel
set.

Proof The function ¢: [0, 1] — R defined in the preceding proposition maps a measurable
set A onto a non-measurable set. A strictly increasing, continuous function defined on an
interval maps Borel sets onto Borel sets, since 1! is continuous. Therefore, the set A is
not a Borel set, since otherwise its image under 1) would be a Borel set and therefore would
be measurable. [
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31.

32.

33.

34.

35.

36.

Chapter 2 Lebesgue Measure

PROBLEMS

Let f: [a, b] — R be continuous and strictly increasing. Show that f~: [f(a), f(b)] — R is
continuous.

Let f: [a, b] — R be continuous. Show that f maps closed sets to closed sets and maps Fy
sets to [, sets. Does f map measurable sets to measurable sets?

Let the function f: [a, ) — R be Lipschitz, that is, there is a constant ¢ > 0 such that
for all u,v€la, b], |f(u) — f(v)| < ¢lu — v|. Show that f is continuous and maps sets of
measure zero to sets of measure zero. Conclude that f maps measurable set to measurable
sets. (Suggestion: consider the preceding problem and the regularity of measure.)

Let F' be the subset of [0, 1] constructed in the same manner as the Cantor set except that
each of the intervals removed at the nth deletion stage has length 37" with 0 < a < 1.
Show that F'is a closed set, [0, 1] ~ F' is dense in [0, 1], and m(F') = 1 — a. Such a set F' is
called a generalized Cantor set.

Show that there is an open set of real numbers which, contrary to intuition, has a boundary

of positive measure. (Suggestion: Consider the complement of the generalized Cantor set in
the preceding problem.)

A subset A of R is said to be nowhere dense in R provided that the closure of every open
set O has a non-empty open subset that is disjoint from A. Show that the Cantor set is
nowhere dense in [0, 1].

Let f: [a, b] — R be continuous and B be a Borel set. Show that f~'(B) is a Borel set.
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Lebesgue Measurable Functions
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3.1 SUMS, PRODUCTS, AND COMPOSITIONS

We continue to denote by M the o-algebra of Lebesgue measurable sets and by m the set-
function Lebesgue measure. In Part 11, we consider a general concept of measure. However,
in the first eight chapters, we only consider Lebesgue measure for subsets of R, and so,
in these, we often drop the adjective Lebesgue. Recall that a property is said to hold
almost everywhere on a measurable set E provided that it holds on Ey C FE. where
m(E ~ Ey) = 0. The extended real numbers is the set R U {£oo} which we denote by R.
Given two functions h: £ — R and g: E — R, we write “h < g on E” to mean that
h(z) < g(x) for all z € E. We say that a sequence of functions {f,: £ — R} is increasing
provided that f, < fp+1 on E for each index n.

Many arguments will depend on inverse images of functions. For any mapping
f: X =Y, if {Y)}rea is a collection of subsets of Y, parametrized by a space A, then

.f‘l(U ) U F(va) and £~ (ﬂ}a):ﬂf—l

A€A AEA AEA AEA

Definition A function f: E — R is said to be Lebesgue measurable, or simply mea-
surable, provided that its domain E is a measurable subset of R and for each real number
¢, the set {x € E| f(z) < ¢} is measurable.

Proposition 1 If f: E — R is measurable, then for every interval I of real numbers,
f~Y(I) is measurable.

Proof Every bounded interval is the intersection of two unbounded intervals, and so it
suffices to show that f~!(I) is measurable if I is unbounded. Fix a number c¢. We have

f e, 00) =X ~ f 1 (—o00, ¢) and f~(c, 00) U f e+ 1/k, 00).
1<k<oo

Now, M is a o-algebra, Therefore, f~![c, o), being the complement of a measurable set,
is measurable, and f~1(¢c, 00), being the countable union of measurable sets, is measurable,
as is the following countable intersection of measurable sets:

fl(—o0,d = () f (=00, c+1/k). =

1<k<oo

51
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Proposition 2 A function f: E — R s measurable if and only if for each open set O,
the inverse image of © under f, f~1(0), is a measurable set.

Proof If the inverse image of each open set is measurable, then E = f~!(R) is measurable,
and since each interval (—oo, ¢) is open, the function f is measurable. Conversely, suppose
that f is measurable. Let O be open. According to Proposition 9 of Chapter 1, O is the
union of a countable collection of intervals. Therefore, the measurable sets being a o-algebra,
it follows from the preceding proposition that f~1(©) is measurable. L]

The following proposition follows from its predecessor by recalling that, for a contin-
uous function f: E — R on a measurable set E, if O is open, then f~1(0) = ENU, where
U is an open subset of R, and so f~1((©) is measurable.

Proposition 3 If E is measurable, then every continuous function f: E — R is measur-
able.

Proposition 4 If E = AUB, where A and B are measurable, then f: E — R is measurable
if and only if its restrictions to A and B are measurable. In particular, if Ey C E and
m(E ~ Ey) =0, then

f: E — R is measurable if and only f: Ey — R is measurable. (1)

Proof Let f: E — R be measurable. For each ¢ € R,
{xeA| flz)<c}={z€E]| f(z)<c}nA,

so that the restriction of f to A is measurable. Similarly, the restriction of f to B is
measurable. On the other hand, if both restrictions are measurable, then for each ¢ € R,

{z€E| fla)<c}={z € A]| f(z) <c}U{z € B f(zx) <c},

so that f: E — R is measurable. If m(Eqg) = 0, then every subset of Ej is measurable, and
therefore every function on Fy is measurable, and so (1) holds. [

It follows from these two propositions that, for a real-valued function defined on a
measurable set, if the set of points at which it fails to be continuous has measure zero,
then the function is measurable. According to the first theorem of the following chapter, a
monotone function on an interval is continuous except for at most a countable collection of
points, and so is measurable.

Theorem 5 If f: E — R and ¢¢ E — R are measurable functions, then for any o and (3,

(Linearity)
af + Bg: E — R is measurable.

(Products)
f g E — R is measurable.
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Proof We consider the case @« = 3 = 1, and leave the case of general coefficients as an
exercise. For x € E, if f(z) + g(z) < ¢, then f(z) < ¢ — g(z) and so, by the density of the
set of rational numbers Q in R, there is a rational number ¢ for which f(z) < ¢ < ¢ —g(x).
Consequently,

{z€E| flx)+g@) <ct=|J{zeE]| gz) <c—q}n{z€E| f(z)<q}
qeQ

However, the rational numbers are countable, and so {z € E'| f(x)+g(z) < ¢} is measurable,
since M is a o-algebra. Therefore, f + g is measurable. To prove that the product of
measurable functions is measurable, observe that

fg= %[(f +9)? - f2-4%

Since we have established linearity, to show that the product of two measurable functions
is measurable, it suffices to show that the square of a measurable function is measurable.

For ¢ > 0,

{z€E|f}(z) < ¢} = {z€ B | - Ve < f(z) < Ve),

while for ¢ < 0, {z € E| f?(z) < ¢} = (0. Therefore, f? is measurable. J

We identify two measurable functions with a common domain that agree almost ev-
erywhere. In particular, in view of Proposition 4, we identify a measurable function that
is finite almost everywhere with a real-valued measurable function. This identification per-
mits the extension of measurability results for real-valued functions to hold for extended
real-valued functions that are finite almost almost everywhere, regardless of the possibility
that functional values of sums and products may not be properly defined at points at which
one of the functions takes an infinite value. In particular, the above theorem extends to
measurable functions that are finite almost everywhere.

If A is any set, the characteristic function of A, y 4, is the function on R defined
by

xa(r) =

1 ifre A
0 ifx ¢ A

It is clear that the function x4 is measurable if and only if the set A is measurable. Conse-
quently, since there are non-measurable sets, there are non-measurable functions.

Many of the properties of functions considered in calculus, such as continuity and
differentiability, are preserved under the operation of composition of functions. As the next
example shows, the composition of measurable functions may not be measurable.

Example There are two measurable real-valued functions, each defined on all of R, for
which the composition fails to be measurable. Indeed, by Proposition 27 of the preceding
chapter, there is a continuous, strictly increasing function 1: [0, 1] — R and a measurable
subset A of [0, 1] for which ¢)(A) is non-measurable. Extend 1 to a continuous, strictly
increasing function that maps R onto R. The function 1~! is continuous and therefore is
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measurable. On the other hand, A is a measurable set and so its characteristic function x4
is a measurable function. However, the composition

F=Exacoy™ = xpn

is not measurable, since the set 1)(A) is not measurable.

There is the following useful result regarding the preservation of measurability under
composition (also see Problem 12)*.

Proposition 6 If f: £ — R is a measurable function and g: R — R is continuous, then
the composition go f: R — R is measurable.

Proof According to Proposition 2, a real-valued function is measurable if and only if the
inverse image of each open set is measurable. Let O be open. Then

(9o f)H(0) = f" (g (0)).

Since g is continuous, the set U = g~1(©) is an open subset of R. By the measurability of f,
F~Y(U) is measurable. Therefore, (go f)~1(O) is measurable, and so go f is measurable. [

An immediate consequence of the above composition result is that if f: £ — R is
measurable, then |f| also is measurable, and indeed

|f|”: E — R is measurable for each p > 0.
For a finite collection of functions {fi: E — R}}_,, define

max{ fi,..., fn Hx) = max{fi(x),..., fo(z)} for x€ E.

The function min{fy,..., f.} is defined the same way. We leave the proof of the following
result as an exercise.

Proposition 7 For a finite collection { fi: E — R}}'_, of measurable functions, the func-
tions max{fi,..., fn} and min{fy,..., f.} also are measurable.

For a measurable function f: E' — R, there are associated non-negative measurable
functions f*and f~, called the positive part and the negative part of f, defined on E by

fT(x) = max{f(z),0}, f~(z) = max{—f(z),0}.

These provide the following frequently used expressions of f and |f| as the difference and
sum, respectively, of non-negative measurable functions:

f=ft—f and |f|]=ft+f onE.

'n general, it is important, but not always easy, to determine if the composition of measurable functions
is measurable. In Chapter 6, we define what it means for a function f: [a,b] — R to be absolutely continuous;
Lipschitz functions, for example, are absolutely continuous. We prove a theorem of von Neumann which
asserts that if f: [a,b] — R is a strictly increasing, continuous function, then g o f: [a,b] — R is measurable
whenever ¢: R — R is measurable if and only if its inverse f—': [f(a), f(b)] — R is absolutely continuous.
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PROBLEMS

. Let A and B be measurable sets. Is f: A U B — R continuous if and only if its restrictions

to A and B are continuous?

2. Show that if h: I — R is measurable, then for any o, sois a- h: £ — R.

o

11.

12.

. Provide an example of a function f: [a, b] — R that is not measurable, while both |f| and

f? are measurable.

. Let {fn: £ — R} be a sequence of measurable functions. Define Ey to be the set of points

x in E at which {fn(x)} converges to a real number. Is the set Ey measurable?

. Let E be measurable and f: £ — R be continuous except at a countable number of points.

Show that f is measurable.

. If ' is measurable and the function f: £ — R has the property that f _I(C) is measurable

for each number ¢, is f necessarily measurable?

If the function f: E — R has the property that {x € E'| f(z) > c} is a measurable set for
each rational number ¢, is f necessarily measurable?

. Show that f: £ — R is measurable if and only if the function f : R — R is measurable,

where f(x) = f(z) for x€ E and f(z) =0 for x ¢ E.

. Show that f: E — R is measurable if and only if for each Borel set A, f~1(A) is measurable.
10.

(Borel measurability) A function f: E — R is said to be Borel measurable provided
that its domain E is a Borel set and for each ¢, the set {z € F| f(z) < ¢} is a Borel set.
Verify that Proposition 1 and Theorem 5 remain valid if we replace “(Lebesgue) measurable
set” by “‘Borel set.” Verify the following: (i) every Borel measurable function is Lebesgue
measurable; (ii) if f is Borel measurable and B is a Borel set, then f~!(B) is a Borel set;
(iii) if f and g are Borel measurable, so is f o g; and (iv) if f is Borel measurable and g is
Lebesgue measurable, then f o g is Lebesgue measurable.

Assume that f: R — R is measurable and g: R — R is continuous. Is the composition fog
necessarily measurable?

Suppose that f: [a,b] — R is strictly increasing, continuous function that has a Lipschitz
inverse. Show that g o f: [a,b] — R is measurable whenever g: R — R is measurable.
(Suggestion: Show that a Lipschitz function maps measurable sets to measurable sets, by
examining images of Fi sets and sets of measure zero.)

3.2 SEQUENTIAL POINTWISE LIMITS AND SIMPLE APPROXIMATION

For a sequence of functions {f,: £ — R} and function f: E — R, there are several ways
in which it is necessary to consider what it means to state that

“the sequence {f,} converges to f.”

In this chapter, we consider the concept of pointwise convergence. In later chapters, we
consider many other modes of convergence.

Definition A sequence of functions {fu: E — R} is said to converge pointwise to the
function f: E — R provided that

le fo(z) = f(z) for allx € E.
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The pointwise limit of continuous functions may not be continuous. The pointwise limit
of Riemann integrable functions may not be Riemann integrable. However, for measurable
functions, we have the following indispensable theorem.

Theorem 8 If{f,: E — R} is a sequence > of measurable functions that converges pointwise
almost everywhere to the function f: E — R, then f is measurable.

Proof In view of Proposition 4, we assume the convergence is on all of F. Fix a number
c¢. It must be shown that {x € F| f(z) < ¢} is measurable. Observe that for a point = € E,
since lim,, , o fn(x) = f(z), f(x) < c if and only if there are indices n and & for which

filz) <ec—1/nforall j > k.

But for any n and j, {x € E| f;(z) < ¢ —1/n} is a measurable set, since f; is a measurable
function. Therefore, for any k, since M is a o-algebra, the set

o0

ﬂ {reE| fj(x) <c—1/n}

=k

is measurable, as is the set

el | fla)<ct= U {m{mEE| filz) <c—1/n}|.

1<kn<oo -j=k

Linear combinations of characteristic functions of measurable sets play a role in
Lebesgue integration that is foreshadowed by the role of step-functions in Riemann in-
tegration, and so we name these functions.

Definition A real-valued function ¢: E — R is said to be simple provided that it is
measurable and takes only a finite number of values.

Clearly, linear combinations and products of characteristic functions are simple. If
p: . — R is simple and takes the distinct values ¢, ..., ¢,, then

n
0= ch - XE, on E, where Ej, ={z€E| p(z)=cr}.
k=1

This particular expression of ¢ as a linear combination of characteristic functions of mea-
surable sets is called the canonical representation of the simple function ¢. It is
characterized by the E}'s being disjoint and the ¢;’'s being distinct.

The Simple Approximation Lemma If f: F — R is a measurable, bounded function,
then for each € > 0, there are simple functions p.: E — R and ¥ E — R for which

([Degfgwf andoﬁﬁ’e—ﬁpe<€0ﬂE-
Proof Let [¢, d) be a bounded interval that contains the image of F, f(FE), and

=W <H <. L i1 < Wiy =4d



Section 3.2 Sequential Pointwise Limits and Simple Approximation 57

be a partition of the closed interval [e¢, d] such that y; — yx_1 < € for 1 < k < n. Define
I = [yk—1, yx) and Ey = f~'(I;) for 1 < k < n.

Since each [ is an interval and the function f is measurable, each set Ej. is measurable.
Define the simple functions ¢, and . on E by

n n

Pc=) Ye-1-XE a0d P = ) Y XEx-

k=1 k=1

Let x € E. Since f(E) C [¢, d), there is a unique k,1 < k < n, for which y_1 < f(z) < ¥
and therefore,

we(Z) = P11 £ f(2) <y = YelE):

But 1 — yx—1 < ¢, and therefore ¢, and v have the required approximation properties. []

The proof of the above lemma depends on a seminal idea of Henri Lebesgue. In the
development of the Riemann integral, approximation of functions by step-functions is done
by partitioning into subintervals the domain of a function and defining approximations
with respect to such a partition. In contrast, the approximation of a bounded measurable
function by simple functions is done by partitioning into subintervals an interval containing
image of a function, and then considering preimages of these subintervals in order to obtain
simple approximations.

Definition A measurable function f: E — R is said to be finitely supported provided
that it vanishes on the complement of a set of finite measure.

The Simple Approximation Theorem If the function f: E — R is measurable, then
there is a sequence {p,: E — R} of finitely supported, simple functions that converges
pointwise on E to f and has the property that

lon| < |f| on E for all n.

If f>0, then, in addition, {p,} is increasing and each @, > 0.

Proof Assume that f > 0 on E. The general case follows by expressing f as the difference
of non-negative measurable functions. For each n, define E,, = {x € E'| f(x) < n}. Then E,
is a measurable set and the restriction f: E,, — R is a non-negative, bounded, measurable
function. By the Simple Approximation Lemma, there are simple functions ¢,: E, — R
and v,: E, — R for which

OSQOnSfE”ébnaﬂdﬂiwn—lpn<1/n0ﬂ5n-

Observe that
0<pn<fand0< f—n <thp —@n <1l/non E,. (2)

Extend ¢, to all of E by setting ¢n,(x) = n if f(z) > n. The function ¢, is a simple
function defined on E and 0 < ¢, < f on E. We claim that the sequence {¢,} converges
to f pointwise on E. Let = € E.
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Case 1: Assume that f(z) is finite. Choose an N for which f(z) < N. Then

0< f(x) —pp(x) <1/nforn > N,

and therefore lim,, _, o, @n(z) = f(x).

Case 2: Assume that f(x) = co. Then ¢, (x) = n for all n, so that lim,, _. c p,(x) = f(x).

Since each ¢, > 0, by replacing each ¢, with the product of max{p1,...,p,} and

X[-n,n]; We obtain an increasing sequence of finitely supported, simple functions that con-
verges pointwise to f. ]

13.

14.

15.

16.

17.

18.

19.

20.

21.

PROBLEMS

(Dini’s Theorem) Let {fn: [a, b] — R} be an increasing sequence of continuous functions that
converges pointwise to the continuous function f: [a, b] — R. Show that the convergence
is uniform on [a, b]. (Suggestion: Let € > 0. For each n, define E, = {zx € [a, b]| f(z) —
fn(x) < €}. Show that {E, } is an open cover of [a, b] and use the Heine-Borel Theorem.)

A real-valued measurable function is said to be semisimple provided that it takes only a
countable number of values. Let f: E — R be measurable. Show that there is a sequence of
semisimple functions that converges to f uniformly on K.

Assume that m( F) < oo and let f: E — R be measurable. Show that for each € > 0, there
is a measurable subset Ey of E such that f is bounded on Ey and m(E ~ Ep) < e.

Assume that m( E) < oo and let f: £ — R be measurable. Show that for each € > 0, there
is a measurable subset Ey of E and a sequence {¢: E — R} of simple functions for which
{¢n} — f uniformly on Ep and m(E ~ Ep) < €. (Suggestion: See the preceding problem.)

Let E be a measurable subset of [a, b], and define f: [a, ) — R by f = xg. For each € > 0,
show that there is a measurable subset Eo C [a, b] and step-function h: [a, b] — R for which

h = f on Ey and m([a, b] ~ Ep) < €.

(Suggestion: Use Theorem 19 of the preceding chapter.)
Let A and B be any sets. Show that

XANB = XA - XB
XAUB = XA T XB — XA - XB
xXA~B = [xa — xB| - xa-

For a sequence {f,: & — R} of measurable functions, show that the functions inf { f,} and
sup { fn} are measurable.

For f: [a, b — R measurable, let £y = {x € E| f(z) > 0} and E_- = {z € E| f(z) < 0}.
By considering the restriction of f to F and FE_, prove the general Simple Approximation
Theorem based on the special case of a non-negative measurable function.

Let f: [a, b — R be increasing. Show that f is measurable by first showing that, for each
n, the strictly increasing function x — f(x) + z/n is measurable, and then taking pointwise
limits.
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3.3 LITTLEWOOD’S THREE PRINCIPLES, EGOROFF’'S THEOREM,
AND LUSIN’S THEOREM

Speaking of the theory of functions of a real variable, J. E. Littlewood says?, “The extent
of knowledge required is nothing like so great as is sometimes supposed. There are three
principles, roughly expressible in the following terms: Every [measurable| set is nearly a
finite union of intervals; every [measurable] function is nearly continuous; every pointwise
convergent sequence of [measurable] functions is nearly uniformly convergent. Most of the
results of [the theory| are fairly intuitive applications of these ideas, and the student armed
with them should be equal to most occasions when real variable theory is called for. If one
of the principles would be the obvious means to settle the problem if it were ‘quite’ true, it
is natural to ask if the ‘nearly’ is near enough, and for a problem that is actually solvable
it generally is.”

Theorem 19 of the preceding chapter is a precise formulation of Littlewood’s first
principle: it states that given a measurable set E of finite measure, for each € > 0, there is
a finite, disjoint collection of open intervals for which the union i/ is “nearly equal to” E in
the sense that m(E ~U) + m(U ~ E) < e. A precise realization of the third of Littlewood’s
principle is the following theorem.

Egoroff’s Theorem Assume that m(E) < co. If {fn,: E — R} is a sequence of mea-
surable functions that converges pointwise on E to the function f: E — R, then for each
€ > 0, there is a closed set F' for which

FCE, m(E~F)<eand{f,}— f uniformly on F.

To prove Egoroft’s Theorem, it is convenient to first establish the following lemma.

Lemma 9 Under the assumptions of Egoroff’s Theorem, for each n > 0 and é > 0, there
is a measurable set A and an index N for which

ACE, m(E~A)<d and |f, — fl <n on A for alln > N.

Proof For cach k, since the function |f — fi| is measurable, the set { € E | |f(z) — fr(z)| <
n} is measurable. Since M is a o-algebra, for each n,

E,={ze E| |f(z)— fr(z)] <n for all kK > n}

is a measurable set. Then {E,}°°, is an ascending collection of measurable sets, and E =
U2, En, since { fn,} converges pointwise to f on E. It follows from the continuity of measure
that

m(E) = lim m(E,).

n—00

Since m(E) < co, we may choose an index N for which m(Ex) > m(E) —4é. Define A = En
and observe that, by the excision property of measure, m(E ~ A) = m(F)—m(Ey) < 6.

Proof of Egoroff’s Theorem By the preceding lemma, for each n, there is a measurable
subset A,, of E' and an index N(n) for which

m(E~ A,) < /2" (3)

2Littlewood [Lit41], page 23.
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and
|fe — f| <1/non A, for all k > N(n). (4)
Define -
A= () An.

n=1

By De Morgan’s Identities, the countably monotonicity of measure and (3),
m(E~A) =m (U [EmAn]) <Y m(E~Ay) <) /2" =¢/2.
n=1 n=1 n=1

We claim that {f,} converges to f uniformly on A. Indeed, let € > 0. Choose an index n
for which 1/n¢ < €. Then, by (4),

|fx — fl <1/np on Ay, for k > N(ng).
However, A C A,,, and 1/ny < € and therefore,

|fi — f| <eon A for k > N(ng).

Therefore, {f,} converges to f uniformly on A and m(F ~ A) < ¢/2. Finally, by the reg-
ularity of measure, there is a closed set F' contained in A for which m(A~F) < ¢/2.
Consequently, m(FE ~ F') < € and {f,} — f uniformly on F. ]

Lemma 102 If F is a closed subset of R and f: F — R is a continuous function, then it
has a continuous extension to f: R — R.

Proof The complement of ', R ~ F, is open, so R ~ F = Uf:l I,,, a countable, disjoint
union of open intervals. If I,, = (a,,, b,) is bounded, define f on [a,, b,] to be any continuous
function that agrees f at the end-points. If /,, is unbounded, define f on I,, to be the constant
function that agrees with f at the finite end-point of I,,. We leave it as an exercise to verify
the continuity of f: R — R. ]

The following theorem is a confirmation of Littlewood’s second principle.

Lusin’s Theorem If f: E — R is a measurable function, then for each € > 0, there is a
continuous function g: R — R and a closed subset F' of R for which

FCE mE~F)<eand f=gonF.

Proof* Choose an enumeration {I,,}2°, of the countable collection of all open intervals
that have rational end-points. Let € > 0. By the regularity of measure, for each n, there are
closed subsets of R, F},, and H,,, for which F,, C f~(I,), H, C E ~ f~1(1,,),

m(f (1)) ~ F,) < 1/e" and m((E ~ f1(1,)) ~ Hy) < 1/e™HL.

3This lemma is a very special case of the Tietze Extension Theorem, which is proven in Chapter 16.
4This elegant proof is due to Peter Loeb and Erik Talvila. We remark in passing that this theorem was
first stated and proved by Vitali.
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Define F' = N3, (F,, U H,). Then F, being the intersection of closed sets, is closed. By De
Morgan’s Identity and the countable monotonicity of measure,

m(E ~F)=m (G EN(FnUHn)) <2-§:e/2”+1 =€
n=1 n=1

We may assume that F' # (), for otherwise, m(E) < e and we simply take F' to be a point
in £ and take g to be the constant function on R that agrees with f at that point.

We claim that f: FF — R is continuous. To do so, for each x € F and open interval [
containing f(x), we need to show that there is an open subset O of R for which

flOnF)C1.

For such an z and I, since the rational numbers are a dense subset of R, there is some
k for which f(z) € I C I. We claim that the above inclusion holds for the open set
O = R ~ Hj. Indeed, observe that f(F)) C I, C I, and Hy and F}, are disjoint, so that
ONF C (R ~ Hg)N(FrUHy) = Fy. According to the preceding lemma, f has a continuous
extension to all of R. ]

Corollary 11 If f: E — R is a measurable function, then there is a sequence of contin-
uous functions {f,: R — R} that converges pointwise almost everywhere on E to f.

Proof According to Lusin’s Theorem, for each n, there is a continuous function f,: R - R
for which

miz € B| folz) # f@)} < 1/2".
We deduce from the Borel-Cantelli Lemma that for almost all # € FE there is an n such that
fr(z) = f(z) for all k > n. ]

PROBLEMS
22. Verify the continuity of the function f: R — R defined in the proof of Lemma 10.

23. For the function f: F — R and the set F' in the statement of Lusin’s Theorem, show that
the restriction of f to F' is continuous. Must there be any points in E at which f: £ — R
is continuous?

24. Show that the conclusion of Egoroff’s Theorem can fail if we drop the assumption that the
domain has finite measure.

25. Show that Egoroff’s Theorem continues to hold if f and each fy is an extended real-valued
function that is finite almost everywhere, and the convergence is pointwise almost everywhere
on F.

26. Let {fn: E — R} be a sequence of measurable functions that converges pointwise on E to
[ £ — R. Show that £ = U;‘;l Ej,, where for each Ej, is measurable, and {f,} converges
uniformly to f on each Ej if k£ > 1, and m(E;) = 0.

27. Show that in Corollary 11, if f is bounded, then the sequence {f.} may be chosen to be
uniformly bounded.



