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Nucleotide substitutions in a DNA sequence

» At the molecular level, the basic process in the evolution of a DNA
sequence 1s the change 1n nucleotides with time, in which one
nucleotide substitutes another through fixation.

» The number of substitutions per site between two sequences since their
divergence from the ancestor gene, d, forms the base to reconstruct
their evolutionary history and to estimate their rate of evolution.

> d 1s usually larger than the number of observed different nucleotides
per site between the two sequences, D, 1.e., d > D.

(@) Sequence 0
/\ |
Sequence 1 Sequence 2

1: ACCTGTAATC
2: ACGTGCGATC

Fraction of sites that differ is
D=3/10

Given D = 3/10, whatis d ?

(b) G (© G (d) G
G C A C A A
One substitution Two substitutions Two substitutions
happened - happened - happened -
one is visible only one is visible nothing visible



Nucleotide substitution in a DNA sequence

» Because we cannot repeat the evolutionary history to observe the
nucleotide substitution process, we rely on developing mathematical
models that account for the substitution process.

» The carliest DNA substitution model is the Jukes-Cantor one-
parameter (J-C) model (1969), which assumes that each nucleotide
has equal probability or rate to be substituted by any of the other three
in a fixed period of time.

J-C model

(@

A . =~ G




The J-C model for nucleotide substitution
» Assume that the nucleotide at a certain site in DNA sequence 1s A at
time 0, then, what 1s the probability that this site will be still occupied
by Aattimet, p,(¢)?

» Let’s first consider the probability of having A in this site after one
single unit time, p,,(1). In this case, p ,,(1) =1-3c.

» Now let’s compute p ,,(2) by considering the two possible scenarios
for this site to still be occupied by A:

Scenario 1 Scenario 2
t=0 A P4s(0) A Pa4(0)
\No substitution J Substitution
t=1 A pyuQ) NotA p, ,(D)=1-p, 0
\No substitution J Substitution

t=2 A pyuQ)=01-3a)p, (1) A  py2)=al-p,,Q1))



t

The J-C model for nucleotide substitution

» Therefore the probability of having A at time 2 is the sum of this two
probabilities:

P1u(2)=01-3a)p (D) +a(l-p4,(»1)).

» In general, if the initial nucleotide at a site is A, then after a period of
time ¢, 1t can be any nucleotide on this site.

0 A pyu0)=1

No substitution
A paul)

| No substitution

A pyuu0)=1

No

Substitution

LA P (0)=1=p ()

Substltutlon

f+1 A Paat+1)=(1-3)p 44(t) A paut+l)=a(l-p ()
» The probability of having A at this site at time 7 + 1 is,

Paa(t+1)=(1=3)p 44() + (1= p 44(2)).

» Rearranging this equation, we have:

Paat+1)=p,(0)=30p () +—ap,,(2),
Paat+1)=p () ==30p () +a—-op,,(t)=—-4cp 4(1) + .



The J-C model for nucleotide substitution

» Treating this as a continuous-time model, we have,

Ap ,4(t) =-4op (1) +

dp 44(1)
dt

_ 4a<i — paa(O),

dp 44(1)
(1/4-p,4(2))

dp 4a(t)  _ —f4adt,
(paa(t)-1/4)

=—4dop 44(1)+

= 4adt,

1 .

D 44(2) —% = Ce™*™,

When t=0, p ,(¢) = p 44(0),
therefore,

P 44(0) = i"' Ceoa

1
C=p1u0)-7

Therefore,

1

| S
pAA(t)=Z+(pAA(O)_Z)e o



The J-C model for nucleotide substitution

» Due to the equivalence of the four nucleotides in the J-C model, this
equation holds for any initial nucleotide N, and any final nucleotide X,
therefore, we have,

P (t+ D) =(=-3a)py, (t) + a(l - py, (¢)) = -4op,, () + & and
1 |
Px () = 1 +(Pax (0) - Z)e e

Example for P, (¢ +1):

0 T pry(0)=0 T  pr(0)=0
J Substitution Substitution or not substitution
t A pp0) Not A Pri () =1-pr(?)
No substitution J Substitution

t+1 A prpy(t+)=(1-3)p, (1) A ppr@+l)=al-py))

pr(t+1)=(1-3a)p, (1) +a(l-p,(1)),
P14 (t+1)- pTA(t) = _3O¥?TA(I) T —-0pg, (1) = —405054 (1) +a.



The J-C model for nucleotide substitution
» If we start with A, then p,,(0) =1, and we have,

1 1, 4ar 1 1. 4w
t)=—+ 0)——)e =—+(l-—)e ™,
Paa(t) A (2.44(0) 4) A ( 4)
1 3 4w
[)=—+—e .
Paa(t) 42
»If we start with T, then p,,(0) =0, and we have,
1 1. _ 1 | -
pra(0) = 5+ (pry(0) = )e™ = —+(0-)e™,
1 1 _
pra(t)=—=-—e"*".

4 4



The J-C model for nucleotide substitution
» Generally, we can write the probability that a nucleotide will remain

unchanged after ¢ units of time as,
1 3 4

()=—+—e 7,
pi(?) 2t

and the probability that the a nucleotide

will change to a different one after ¢ units
of time as 1 1

l@U)=Z—Zf

» When ¢ approaches to infinite, both p; and

p;; approach to s .

—dot

» If the original sequence consists of the same
nucleotide, e.g., a string of A’s, then p,(t) 1s
also the frequency of j at time 7 in the
sequence. Thus the equilibrium frequency
of each of the four nucleotides 1s 1/4.

Probability
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» When ¢ is small, change in p,, is linear, but it becomes nonlinear as ¢

increases because of back substitutions.



Kimura’s two-parameter model for nucleotide

substitution
» In reality, a nucleotide is more likely to undergo a transitional
substitution than a transversional substitution.

» To account for such difference between transitional and transversional
substitution rates, Kimura (1983) proposed a two-parameter (K2P)
model, in which the rate (probability) for a nucleotide to undergo a
transitional substitution 1s o, and a transversional substitution, f3.

Kimura’s two-parameter (K2P) model
o,

A . =~ G




Kimura’s two-parameter model

» If the 1nitial nucleotide at a site is A, after a period of time ¢, it can be
any nucleotide on this site. To compute the probability of having A
remain at the site at time #+1, P, ,(#+1), we need to consider the
following four possible scenarios:

0 A pu0)=1 A pu(0)=1
| No substitution | transition

t A pyyu) G puc®)
No substitution transition

t+1 A put+D)=(1-a=28)pu (1) A put+1)=ap,q)

0 A pu(0)=1 A pa0y=1
transversion transversion

t T pur(®) € pyc(®
transversion transversion

(41 A p(t+1) = Fp(0) A pa(t+1)=Bp 4 (0)



Kimura’s two-parameter model
» Therefore, the final probability is the sum of these four probabilities:

put+)=(-a=-26)p, (&) +ap,;(t)+ pp (1) + pp (1),

Put+)—p ()=—(a+26)p, () +op,;(t)+ pp () + pp 1 (D).
» Treating this as a continuous-time model, we have,

dp 44(1) _
dt

» Similarly, we
can derive the
following
equations for
an 1nitial A at
a site to
become a G,
Cand T at
time ¢ +1:

=—(a+20)p414()+ P 46(t) + fp 40 () + P 47(2).

Pact+D)=op () +(A-a=20)p 6(8)+ pp4c(O) + fp 47(2),
Pac+1)=pp () + ppcO)+(A-a=20)p (1) +op 7(2),
parE+1)=pp () + p ) +ap (D) +(1-a=26)p,7(2).
Or

ap 4
dt

dap 4c
dt

ap 47
dt

=0p 44() = (@+26)p 46 () + PP 4c (D) + Py 47 (D),

=P 44(O)+ P 46(1) = (@ +28)p 40 (1) + op 47 (2),

= PP 44 () + Pp 46 (1) + P 4o (1) = (@ +25) p 47 (2).



Substitution rate matrix

» We can write these four equations in a matrix form,
[pAA(t +1) pic@+1) puc(@+) p (2 + 1)]= P4 (OM

=[P P Puc®) P (D]

» By extending our analysis to other cases, we have,

1-a-2p6
a

p

B

(Pt +]D) pu(t+]) puc(@+1) p(£+1)]
Pest+1) Pt +1) pec(t+1) por(t+1)
Pest+1) pec(t+1) pec(t+1) per(t+1)
pr+1) pre(t+l) pr(t+1) pr(t+1)

(D440 Pac() Puc(®) Pur(D] [1-=-2p
_ Pos(®) Poc () Poe(t) por(?) a

Pes(t) Peg(t) Pec(t) per(?) p

Prs(t) Prg(t) prc(t) prr(2) 11 p

a
l-a-2p5

p

B

a
l-a-24

p

p

p

B
l-a-2p5

(04

p
p
l-a-2p

04

p
p

(04

1—0{—2/3)_

p
p

04

l-a-2p) |




Substitution rate matrix
» The matrix,

A G C T
1-a-20 a )i Vo] 1A
M a l-a-2p p Jo; G
P P l-a-2 « C
Jo) p o l-a-28 |1

is called substitution rate matrix, whose item m; 18 the probability to

change nucleotide i to j. The sum over each row and each column
should be 1.

» This matrix is also called a Markov chain state transition matrix,
because it defines a Markov chain process.

» The substitution rate matrix A G C T
for the J-C model is, 1-3a « a a 1A
o 1-3a « o |G
M =
o a 1-3a a |C
o o o 1-3a|T




Kimura’s two-parameter

» In general, given a substitution rate matrix M, the probability that a
initial nucleotide i at time ¢ will be substituted by j at time # + 1 1s

given by vector dot product,
pij(t +1) = Epik(t)mlg'

i ot
> Bysolvingthe L4 (@ 280000+ @16 O+ i O+ 1y 1)
féﬁifns A @ fgj(” = 14 () = (@ +2)p 46 + fp 4 (O + Bp 4 (1)
changeso G Cor 20w 0+ fosc )@+ 20)p.c 0+ s )
El(i,ﬁie\izfan P~ i a0+ B0+ @4 (0= (@ + 28)p 47 0

find the probability that an initial A at a site
1. remains unchanged at ¢, p , ,(?),
2. undergoes a transitional substitution at ¢, p,(¢), and

3. undergoes a transversional substitution at ¢, p ,(t) or p ,(?) .



Kimura’s two-parameter

» The probability that the nucleotide remains unchanged should be the
same for all nucleotides, 1.e., p,,= Poc=Pcc = Prr- Let’s denote this
probability by X(¢), then,

1,1 ,-4p 1 ,-2(a+p)t
X({t)=5+5€ " +5e .
» The probability that the nucleotide undergoes a transitional substitution

should be the same for all nucleotides, 1.e., p = Pos=Pcr = Pre- Let’s
denote this probability by Y(?), then,

Y(t) + 8—4/3’1‘ le—2(0{+/3)l‘
4 2 '
» The probability that the nucleotlde undergoes a specific type of

transversional substitution should be the same for all nucleotides, 1.e.,
Pac=Pca=Par = Prs=Poc= Pcc=Paor = Prg- Let’s denote this
probability by Z(7), then,
1_ 1 ,-4p
L(t)y=5-5¢e .
» Clearly, as there are two types transversional substitution, we have,

X +Y()+2Z(t) =1.



Comparison of the J-C and K2P models

» In all these cases, when t—o0, X(¢#) —1/4, Y(¢f) —1/4 and Z(¢) —1/4.

» Therefore, as in the J-C model, the equilibrium value for the frequency
of each nucleotide in the P2K model is also 1/4.

Probability

1.00

0.75 -

J-C model: o= 5x10-Y subst./site/year
Rate of substitution A=3a= 15x10- subst./site/year

K2P model: & =10x10- subst./site/year
f =2.5x107 subst./site/year

“Rate of substitution A=a+2p= 15x10~ subst./site/year
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Other models for nucleotide substitution

TABLE 3.1 Models of nucleotide substitution

» To account for the

) . i o\s* A , T C G
different substitution

a. Two-parameter model (Kimura 1980)

improve the analysis.

. A 1-a-28 B B o
rates among different T " o 2 -
nucleotides, models <’ : il G s
that COIltalIl morec b. Four-parameter model (Blaisdell 1985)

A —0—
parameters have been  ; s ’ :
developed. . f, N oy

: c. Six-parameter model (Kimura 1981a)
» The choice of models P ; . .

T ) 1-20—6 frd o
depends on the & ; e -
problem to solve and G B B : L

¢ d. Nine-parameter model
the dataset to use. &  T-plrgiiged  Gifi s g0

. T gabi 1-gaBi—8c0—8clr 8t sch

> If the dataset is too C  gh 8100 1-gry—g1etrgch:  gcbs

G galn g1 gchBa 1—gaoi—g112—8ch2
small, the use of a A
more complex model Lo o o
may not necessarily E & iz i &

G 241 Gy Oy3 1—oy—0oyp—oy

"0, Original nucleotide; 5, substitute nucleotide.



Time reversibility of substitution rate models

» A substitution process is called time reversible if the probability of
starting nucleotide i and changing to j in a time interval 1s the same as
the probability of starting from nucleotide j and going back to i in the
same time duration. Mathematically, time reversibility requires,

p;i(Op;=p;i(O)p;
for all £, j and ¢, where p; and p ; are the equilibrium frequency of
nucleotides i and j, respectively.
» For t = 1, this equation becomes,
mljﬁl =m jiﬁ j
» For both the J-C and K2P models, we have,

P4=Pc=DPc=pr=1/4 and M =m;,.

Therefore, time reversibility holds for both the models.
» Time reversibility simplifies the theoretical study of nucleotide
sequence evolution.



