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Seismic waves
G

surface

—

\_/ body waves

When a stress is applied (or released)
on a point source P the corresponding
strain propagates out of the source
both within the body (body waves) and
on surface (surface waves).

The body waves can be divided into
primary and secondary waves, while
the most studied surface waves are the
Rayleigh and Love waves.

Giorgio De Donno - 2



Body waves - P-wave
GEE

» The wave propagates parallel to the direction of particle motion.
« Particle motion consists of alternating compression and dilation (extension).

« Material returns to its original shape after the wave passes.
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DIRECTION OF WANVE PROPAGATION

This wave is called compressional, longitudinal or primary (P),
because it represents the first arrival
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Body waves - S-wave
GEE

» The wave propagates normal to the direction of particle motion.
« Particle motion consists of alternating transverse motion.

« Material returns to its original shape after the wave passes.

Transverse motion can be in the
vertical (z) direction (SV wave) or in
the horizontal (y) direction (SH wave)

SV wave SH wave

This wave is called shear, transverse or secondary (S),
because it represents the second arrival.
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Surface waves - Rayleigh wave
Gl

» Particle motion consists of retrograde elliptical motions in the vertical plane
and parallel to the direction of propagation.
« Amplitude decreases with depth

« Material returns to its original shape after the wave passes.
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Surface waves - Love wave
——— e

+ Particle motion consists of alternating transverse motions, horizontal and
perpendicular to the direction of propagation (transverse).
« Amplitude decreases with depth.

» Material returns to its original shape after the wave passes.
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DIRECTION OF WAYE PROPAGATION
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Wave parameters
G

\/ \/ time x i \/ \/ dlstance

« period (7): duration of an oscillation cycle [S]

t=05s

>
L

amplitude
.a,mplltude

« wavelength (1): distance of an oscillation cycle [m]

« peak amplitude (A): maximum absolute value of signal

From these, we can derive:

. frequency (h: f =% [HZ]

« angular frequency (»): w = ZT = 2nf [rad/s]
» velocity (v): v= % = Af [m/s]

« wavenumber (k): k = 27” == [rad/m]
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Wave parameters
G

\ T 3 Z/
\/ \/ time x i \/ \/ distance
oS x*

Monochromatic signal = signal with only one frequency = sinusoidal s

»

amplitude
amplitude

In this case the signal is:

21 21 V2%
u(t) = Acos <T t) = Acos(wt) u(x) = Acos <i7x> = Acos(+/ VBT
That is, using complex notation:
u(t) = Ref{de®t} u(t) = Re{dettx}

Since the observed signal are real-valued (e.g. displacements), in the following we
will use a complex notation neglecting the imaginary part.

For a wave propagating through space and time, the resulting signal is:

u(x’ t) — Aei(wtikx)
[
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Propagation
GEE

The wavefront is the surface where the elastic wave has a constant phase

The ray is the path that one parcel of the wavefront travels along.

Spherical wavefront Plane wavefront

Wavefront

These hypothesis hold for:

 Point source, far enough from the source
 Plane source with stress distributed over
a surface

 Point source

Giorgio De Donno - 9



Propagation
o
Huygens principle:

 each point on wavefront

_ >

acts as a point source

- spherical waves radiate R,
outward from each point

source

Wave front at 1,

» envelope of waves is the
overall wavefront

FIGURE 2.10g & Company

Fermat’s Principle:

* rays propagate along the Constant
path which yields the velocity
smallest travel time

(principle of least time) v
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Attenuation
G

Elastic wave fields lose energy through Earth due to:

« geometrical spreading: the
wavefront must always contain a
constant amount of energy E,

The energy of a unit area of the
growing wave front is equal to:

Eq
E(r) = 4my2 — Surface of a sphere

Therefore, the energy decreases proportionally to r?
Q. What about the wave amplitude? It decrease proportionally to...

A. Proportionally to r! Remember that E« a?
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Attenuation
G

Elastic wave fields lose energy through Earth due to:

* intrinsic attenuation: energy loss due
to shear heating at grain boundaries,
mineral dislocations etc.

— i _ A . _
u(x, t) = Ape % pl(wt—kx) :jel(wt kx)

For small dissipation (low losses):

a L Attenuation coefficient

Qv

with Q (quality factor):

Q = Q(T,P,lithology,porosity, saturation, cracks)
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Attenuation
G

Elastic wave fields lose energy through Earth due to:

- scattering: most materials £ 1 | @ ®

contain small heterogeneities  fs g | | wIllx

(grains, mineral boundaries, 5 i i 1/ XA

pore edges, cracks, etc.) o o .
f f f — o

Some seismic energy is scattered when it encounters these
features: according to Huygens’ principles the small
heterogeneities are new sources of waves.

This phenomenon depends on the ratio of the heterogeneity size
d to the wavelength A (it must be comparable)

A~d
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Interference
G

Waves can interact and the resulting wave is the effect
of the superposition of two or more wave fronts

Interference
2 sources at d=\/2 Radiation pattern
d b
— ridge (a) () (b)
- = trough

-
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Deformation
G

Let us consider two material points P and Q belonging to a non-rigid continuum,

which are located at a short distance from each other. Following a deformation, they
are brought into positions P’ and Q’.
Having defined the displacement vector from P to P’

asu = (u,v,w),

if the derivatives of u with respect to
at least one of the three coordinates
are non-zero, there will be variations
in the displacement of the various

points of the body,
deformations 8u.

and therefore

Ju OJu Ju]
dx dy 0z
dv o0v Ov
[Bu] = dx Jdy 0z
dw ow oJw
| dx dy 0z

Before deformation

P
’4 X
e

S x4 0x

-
-
-
-\
(S L iy

""""" u+ ou

After deformation
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Deformation
GEE
We can decompose [8u] into a symmetric part [€] and an antisymmetric part [Q]:

[8u] = [g] + [Q], -

... 2D case
where
......... a_u la_ua_v 1(6_u+6_w)_ Ola_u_@ l(a_u_a_w)
dx 2\dy ' 9x): 2\9z ox 2\ay oax): 2\az ox
1({0v , du ov 1({0v A, dw 1({0u OJv : 1(ov ow
El=f(2+3) = (B4 e=f-i(n-2 o |-
2\0x 0dy ady 2\ 0z ady 2\0dy Ox : 2\0z ay
--------------------------------------------------------------------------------------------- -
YT Y T ow _i(o_dwy _i(ov_ow 0
2 \0x 0z 2\ dy 0z 0z 0z ox 2\0z dy

The matrix [g] represents the angular strains of the system, while [Q] represents the rigid
rotations about the coordinate axes. Using a compact notation, the strain components of the
matrix [€] are written as:

_1fow 9y

&ij = 2 <axj + axi> ’

where the coordinates x, y, and z are associated respectively with 1, 2, and 3 in the
permutation of the indices i and j from 1 to 3.
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Linear elasticity
GEE

Stress
A

We are here... Seismic sources release energy as waves that
causes a certain level of stress and a
consequent strain, though not permanent for
our low-energy applications (elastic

behaviour)

— » Strain Stress < £~ f_gO') » Strain

it o o=f""(¢) €
y 4
§—/\ I [; BEFORE
§ K Ax Hooke’s Law: Strain is directly proportional
S R to the stress (linear elasticity)
§—/\/\/\__>F AFTER F = KAx
~ K

€ K'is the spring constant E,/JA =K Ax/d
(material property) x
stress strain
\10'x|— Iﬂexl/
~ 7

STOP
LOAD
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Elastic parameters

G
2D case
1. Longitudinal stress 2. Shear stress
— L L
T4 ade NI ‘
. i ]t
% 4-[5 XX d
> ! d
£ .
X e Wit 3 jr
AZ_/)Z /\%X
2\ FX
[ E: Young’s modulus [Pa] g
] Fx /A Ory Oy . 1, [ u: Shear modulus [Pa] }
= = = XX
AL/ & ou * E
/I fx 22 Fyy Fyy
dx L=G = /A_ /A_O'xy_o'xyzo'xy
[ v: Poisson’s ratio [dim-less] } tan(0) Ad/L vy g_v 2y
X
dv
Ad - _ _
AL " e, 0w [T TR e =Lto. =Lg
0x xy — 3¢ Y%y T 3 %xy
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Elastic parameters

e
3. Volumetric (bulk stress) 4. Longitudinal stress with no lateral strain
"
" [+ Al "
" /\/ F F
—>| |« | > |&—
p—f— . P
A
V — AV F
_ vol.stress P M = long. stress _ /A
~ vol.strain AV/V long. strain Al/l
) 4 e 1
[ Bulk modulus [Pa] M=K+ FH Longitudinal modulus [Pa] }
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G
. 1 Exx ' 1/E —-v/E —-v/E Ox
icyz/—>c Eyy -v/E 1/E —v/E 0 Tyy
G EZZ _ _V/E _V/E 1/E O-ZZ
s Exy |~ 1/2u 0 0 ||%x
il ° Exz Oxz
dz Oyx 2 0 0 1/2# 0
A «s.| / Eyz. 0 0 1/2u. Oyz |
GE N dy X
dxy @ inverting
y
For the 2D case: Oxx] [A 2K A A Exx
O-yy A A + 2‘Ll /1 0 Eyy
ou  ov Ozz A A A+2u €2z
=1+ 2[1)—+/1$ Oxy 2,Ll 0 0 Exy
Oxz 0 0 2u 0| &z
Oxy = 2“%(% ZZ) “ZZ e 0 0 2ultyz

A, p: Lame parameters

The linear elastic homogeneous isotropic stress-strain relationship is
defined by only two constants A, 1 (Lamé parameters)
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Waves in an elastic bar
Gl

Consider an elastic bar subjected to stress at its ends in the x direction—for example, an
accordion - hp. the bar cannot deform in the y direction (lateral strain is constrained)

«
4( Ty (X) (.@‘;. <_._> O (X + dx) (3—{
-

A\

If o,.,(x) and o,,(x +dx) are the stress applied to both ends of the element,
respectively, considering only the longitudinal displacement, from force equilibrium
(Newton’s second law):

F. . =ma p: density

Xt — %u _ i V: volume
i at? a: acceleration
Oyr(x + dx)dA — 0,,,(x)dA = mii = (pdxdA)ii
do
Oy (X + dx) = 0, (x) + a;x dx
. d
pi =22
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Waves in an elastic bar
G
Consider an elastic bar subjected to stress at its ends in the x direction—for example, an
accordion - hp. the bar cannot deform in the y direction (lateral strain is constrained)

%
4( Ty (X) (.éA‘;. <_._> O (X + dx) (3—9{
-

A\

Assuming strain occurs only along x we can write:
du
Oxx = (A +21) a

Therefore:
Zu 02

pu - p atz - (A-I_ 2,[1) axz
or:
%u (A +2u)d%u
otz p  0x2
which is_ the equation of a compressional wave propagating along the x-direction with

velocity|a = /(’”2“)/,) and strain in the same direction.
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Waves in an elastic bar
G

Consider an elastic bar subjected to stress at its ends in the x direction—for example, an
accordion - hp. the bar cannot deform in the y direction (lateral strain is constrained)

%
4( Ty (X) (.éA‘;. <_._> O (X + dx) (3—9{
-
dx

A\

0’u  ,0%u

—_— = —

dt? dx?
A separable harmonic solution can be assumed for the wave equation:

u(x, t) = Aet(@t=kaX)
where the wavenumber k,, is:
ke =~

being w the angular frequency.

Thus, this is a plane wave propagating in the positive x+.
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Waves in an elastic bar
G
Now consider an elastic bar subjected to stress in the y direction—for example, a string

plucked at one end.

y 0y (@) |

z \" \\" ' ‘
,l' ,/' x
dx | oy, (x + dx)

If 0,,x(x) and g,,(x + dx) are the shear stress applied to both ends of the element,
respectively, considering only the transversal displacement v(x) we get, following the

same procedure as in the previous case:
Oxy(x + dx)dA — 0.y, (x)dA = mi = (pdxdA) ¥

00y
Oxy (X + dx) = 0,y (x) + P dx
. O
pi =552
Assuming strain occurs only along y we can write:
v
Oxy = U ox

G
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Waves in an elastic bar
G

Now consider an elastic bar subjected to stress in the y direction—for example, a string
plucked at one end.

y 0y (@) |

aa,( g .
,I' ,/' x

dx | oy, (x + dx)

Therefore:
. 0*v 0%
PV =Pz = Hox
0°v  ud*v
t2  pox?
which is the equation of a shear wave propagating along the x-direction with velocity
B =+"/p|and strain in the normal y direction, whose solution is, similarly to the
previous case:

0°%v o, 0°%v

9z =B 52
v(x,t) = Be'@t=kp%) with kg =“/g
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Waves in a 3D elastic medium

G
N For a 3D elastic medium, a procedure similar to that used for
: ) the elastic bar is adopted, but all stresses acting on the
) e e infinitesimal element are considered and the equilibrium
O] J ) _Pt:) N equation is applied along the three axes. The figure, for

I o ‘ <eeeer s 5 £
7 ’ Ogz Y
L
dx

Transverse waves therefore have
displacement in the two directions (y
and z) perpendicular to the propagation
direction. Two independent transverse-
wave polarizations can thus occur, as in
light polarization. The S wave polarized
in the horizontal (xy) plane is called the
SH wave, whereas the wave polarized
in the vertical (xz) plane is called the SV
wave.

surface

For a wave propagating in the

example, shows only the stresses acting in the x direction, for
which: ), F,; = mii

We get two distinct equations:

1 scalar & 1 vector
2 2 2 2
0°f _ ,0f o’ _ ., 0%8
dot? dx?2 dt? 0x2
A+2u . U
j— — ’U f— — —_
vp a P S P

Compressional-
wave velocity (also
called primary or P-

wave velocity)

Shear-wave velocity
(also called secondary
or S-wave velocity)

f(x, t) — Aei(wt—kax)

positive x direction x*, the
solutions are:

g(x, t) — Bei(wt—kﬁx)
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P-wave velocity
GEE—

-
P-wave velocity
[m/s]

N

density [kg/m3]

[ Dimensional analysis }

vpz( [Pa] )1/2=([N/m2])”2= [m? 5%
[kg/m?]

[kg/m?3]

e ()

ey E(1—v)
T e paEna -2
N\

2

g2

kg m

[kg/m?3]

|
| |
S
<
L

)"

{GD\'-IFFESWN

UHMSTURBED MEDILIM

—
T ]

/

-

@ :
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S-wave velocity

e [E1 S-wave
ST LT 02+ | velocity [m/s]

Q. Which is the S-wave velocity in water?
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S-wave velocity
G

( e J-'JJ |I|‘ =
e B S-wave ; T

HRECTION OF WAVE PROPAGATION

THY

Q. Which is the S-wave velocity in water?
A. The S-wave velocity in water is null!

ve'**¢T=0 water does not carry shear waves

Q. Why? sh.stress _ arbitrary 0

- - ' —_— - —_—
A. Because its shear modulus is null! U sh. strain 0

In water, the shear modulus is zero because if
you apply an arbitrary force F, the liquid simply U :\/ 0

flows and the strain becomes arbitrarily large: Vs = P 1000kg/m3 =0

strain — o
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Elastic moduli from seismic velocities
Gl

Fluids do not carry shear waves. This knowledge, combined
with earthquake observations, is what lead to the discovery
that the earth’s outer core is a liquid rather than a solid —
“shear wave shadow”.

E.Q. Focus

Swaves

Low Velocity Core
(Liguid)

S-Waye Shadow 2008
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Elastic moduli from seismic velocities

Given the seismic velocities v, and v, i.e. from geophysical
measurements, we can derive the elastic moduli:

2 2

_ vp” —2vg _ , 4 _ 5

M = pvp? V_Z(vpz—vsz) K = p(vp _§US ) H=PUs
Generally

65 = O.6Up \

1]Pfreshwater ~ 1450 m/s

vpsaltwater ~ 1530 m/s

kvp‘”"” ~ 330 m/s (speed ofsound/)
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Velocity of rocks and soils
GEE

Type of formation P wave S wave Density | Density of
velocity velocity (g/cm®) | constituent
(m/s) (m/s) crystal
(g/cm?)

Scree, vegetal soil 330-700 100-300 1.7-2.4 -

Dry sands 400-1200 100-500 1.5-1.7 | 2.65 quartz

Wet sands 1500-2000 | 100-500 1.9-2.1 | 2.65 quartz
Saturated shales and clays 1100-2500 | 200-800 2.0-2.4 -
Marls 2000-3000 | 750-1500 | 2.1-2.6 -
Saturated shale and sand sections 1500-2200 | 500-750 2.1-2.4 -

Porous and saturated sandstones 2000-3500 | 800-1800 | 2.1-2.4 | 2.65 quartz

Limestones 3500-6000 | 2000-3300 | 2.4-2.7 | 2.71 calcite

Chalk 2300-2600 | 1100-1300 | 1.8-3.1 | 2.71 calcite

Salt 4500-5500 | 2500-3100 | 2.1-2.3 2.1 halite
Anhydrite 4000-5500 | 2200-3100 | 2.9-3.0 -

Dolomite 3500-6500 | 1900-3600 | 2.5-2.9 (Ca, Mg)

C0,2.8-2.9
Granite 4500-6000 | 2500-3300 | 2.5-2.7 -
Basalt 5000-6000 | 2800-3400 | 2.7-3.1 -
Gneiss 4400-5200 | 2700-3200 | 2.5-2.7 -
Coal 2200-2700 | 1000-1400 | 1.3-1.8 -
Water 1450-1500 - 1.0 -
Ice 3400-3800 | 1700-1900 0.9 -
Oil 1200-1250 - 0.6-0.9 -
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Velocity of a multi-phase medium
GEEE

[ Soils and rocks are multiphase media ]

%

[ The effective velocity is the combination of the velocity of the single component J

2 O N

Liquid Gas
Mainly water Mainly air
(P-wave velocity=1450-1530 m/s) (P-wave velocity=330-340 m/s)

- J
Y

Velocity of the multiphase medium
Combination of the three contributions
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Petrophysical parameters

pore volume
bulk volume (including both solid and pores
components)
is dimensionless and theoretically can vary

between 0 (solid material) and 1 (only pores).
Practically ¢ varies from 0.01 (solid granite) to 0.5

(clay)

water volume
is dimensionless and can vary between 0 (dry
material) and 1 (saturated material)

is dimensionless and can theoretically vary

between 0 (dry material) and 1 (saturated material
with open pores). Practically it only reaches values
lower than 1(see above limitations for the porosity)

e
[ Porosity |¢ = E
Vi
Water | _ Ww_ W
saturation |7 1V ¢V,
Wat ]
ater —
[ content | 0 = PSw
Bulk
density

o, rock density

p = (1 — ¢)pr + 6p,, + ¢(1 — Sw)pa 0, Water density (1 g/cm? for freshwater)

\

p%(1—¢)pr+9

p, airdensity — 0

for a medium saturated by freshwater and air
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Velocity vs. porosity (two-phase medium)
G

The overall rock properties are the average of the matrix (V,,) and pore
fluid (V) properties, weighted by the porosity ¢

Time-average (Wyllie) 1 ¢ 1—¢
equation (empirical) = +
TWO-PHASE EQUATION Vp Vr Um

Ex. 1: travertine having a matrix velocity of 3 km/s, a porosity of 30% (0.3) filled by
fresh water (Vg = 1.45 km/s)

1—0'3+O'7—0207+0233—044

vp 145 3 B
_ 1 =227k = 2270

vp—0.44— ) m/s = m/s
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Velocity vs. porosity vs. saturation (three-phase medium)

G
= . - f;' - 1 - ¢
Defining the three fractions: fr =@ Sy
fa =1 = Sy)
THREE-PHASE EQUATION L _f o fw. fa
(Timur 1968 for frozen soils) Vp U Ty, Uy

Ex. 2: travertine having a matrix velocity of 3 km/s, a porosity of 30% (0.3) only
partially (S,, =50%) filled by fresh water (v, = 1.45 km/s).

1 07 0.15 015

= 0.79
vp 3 145 0.33
L 1.26 k = 1260
Vp = 079~ L m/s = m/s
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G
30 <
V I . d . 20+ \ s
elocity vs. density _ O
. Porosity vs.: | R%
» 'z °© goo ]
]
velocity : | L \Es,
6000 [ —o— Sandstone o Sandstone =~ * ~ ° {\ )
—e— Limestone * Limestone ) DXZ&
5500 Velocity (kft/s) : :\:;',,
10 12 14 716% x Ay
0 'l A T . lT . T . .;f - JY = T
5000 3.0 3.5 40 45 5.0 6.0
- Velocity (km/s)
S
c 4500 [ [ [ ]
>
g 50 PUPTE £ et Sy
3 4000 skt Vo
% /
S 3500 4.0
o
E w 35t
£ 3000 2
3 . E 30 nﬂ/
oo Velocity vs. <, /" ‘o
) ::—_‘_—Q:—:ﬁ
pressure and ¢ IS et il
2000 . o 20r—= T
saturation sfe ) s ]
1500 10 o dry
Calcare di Bedford
1000 ! ! A | o5t B=123% 4
1 i
1000 1500 2000 2500 3000 R~ a7 e T
Density in kg m™ differential pressure (MN/m?)
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Velocity vs. depth

G
: : " z — depth
Selsmlc vellocmes generally v = C(2T)} /6 | T age of the rock
iIncrease with depth due to: C — experimental constant
Velocity (ms™")
. . o"m ) '2o't:or . ?25100‘ . vao'oo‘ 3500
* increased compaction and High ve hycrate
A s BSR
consequent reduced pore space AR | Sovelss
s b T Reference
- - velocity-depth
e elastic moduli increase with ot @S

« o¥ Muitichannel
‘_.‘v"nsnmlvabdbs
PN.° .

.

pressure

However, near surface or B
within anthropogenic
elements, we can have some ol son i\,
velocity decrease ©N
(velocity inversion)

-5
;
§
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  f =  1 T


  𝜔 =   2 𝜋 T = 2 𝜋 f


  v =  𝜆 T = 𝜆 f


  k =   2 𝜋 𝜆 =  𝜔 v


  u  ( t ) = A cos  (   2 𝜋 T t ) = A cos  ( 𝜔 t )


  u  ( x ) = A cos  ( ±   2 𝜋 𝜆 x ) = A cos  ( ± k x )


  u  ( t ) = ℜ e { A  e  i 𝜔 t }


  u  ( x , t ) = A  e  i ( 𝜔 t ± k x )


  u  ( t ) = ℜ e { A  e  ± i k x }


  E  ( r ) =    E 0  4 𝜋  r 2


  u ( x , t )   =   A ₀    e  − 𝛼 x


   e  i ( 𝜔 t − k x ) =   A ₀   e  𝛼 x  e  i ( 𝜔 t − k x )


  𝛼   ∝  f  Q v  


  Q   =   Q ( T ,   P ,   l i t h o l o g y , p o r o s i t y , s a t u r a t i o n , c r a c k s )


  𝜆


  𝜆   ~ d  


   [ 𝛅 𝐮 ] =  [      𝜕 u  𝜕 x    𝜕 u  𝜕 y    𝜕 u  𝜕 z     𝜕 v  𝜕 x    𝜕 v  𝜕 y    𝜕 v  𝜕 z     𝜕 w  𝜕 x    𝜕 w  𝜕 y    𝜕 w  𝜕 z ]  


  P


  Q


   P ′


   Q ′


  P


     P ′


  𝐮 ≡ ( u , v , w )


  𝛅 𝐮


   [ 𝛅 𝐮 ]


   


   [ 𝛅 𝐮 ] =  [ 𝛆 ] +  [ 𝛀 ]


   [ 𝛆 ] =  [      𝜕 u  𝜕 x   1 2  (   𝜕 u  𝜕 y +   𝜕 v  𝜕 x )   1 2  (   𝜕 u  𝜕 z +   𝜕 w  𝜕 x )    1 2  (   𝜕 v  𝜕 x +   𝜕 u  𝜕 y )    𝜕 v  𝜕 y   1 2  (   𝜕 v  𝜕 z +   𝜕 w  𝜕 y )    1 2  (   𝜕 w  𝜕 x +   𝜕 u  𝜕 z )   1 2  (   𝜕 w  𝜕 y +   𝜕 v  𝜕 z )    𝜕 w  𝜕 z ]                        [ 𝛀 ] =  [    0   1 2  (   𝜕 u  𝜕 y −   𝜕 v  𝜕 x )   1 2  (   𝜕 u  𝜕 z −   𝜕 w  𝜕 x )   −  1 2  (   𝜕 u  𝜕 y −   𝜕 v  𝜕 x )  0   1 2  (   𝜕 v  𝜕 z −   𝜕 w  𝜕 y )   −  1 2  (   𝜕 u  𝜕 z −   𝜕 w  𝜕 x )  −  1 2  (   𝜕 v  𝜕 z −   𝜕 w  𝜕 y )  0 ]


   [ 𝛆 ]  


   [ 𝛀 ]  


   [ 𝛆 ]  


   𝜀  i j =  1 2  (   𝜕  u i  𝜕  x j +   𝜕  u j  𝜕  x i )


  Δ x


  F = K Δ x


  𝜎 =  f  − 1   ( 𝜀 )


  𝜀


  𝜎


  𝜀 = f   ( 𝜎 )


  d


   F x / A = K   Δ x / d


   𝜎 x = K  𝜀 x


  𝝂 :  


   𝜀  x x =  1 E


   𝜎  x x


  𝝁 :  


  Δ L / 2


  Δ d / 2


  Δ d


  𝜃


  𝜈 = −     Δ d d    Δ L L = −    𝜀  y y   𝜀  x x = −     𝜕 v  𝜕 y    𝜕 u  𝜕 x


  E =      F  x x A    Δ L L =    𝜎  x x   𝜀  x x =    𝜎  x x    𝜕 u  𝜕 x


  𝜇 = G =      F  x y A   tan ⁡ ( 𝜃 ) =      F  x y A  Δ d / L =    𝜎  x y   𝛾  x y =    𝜎  x y    𝜕 v  𝜕 x =    𝜎  x y    2 𝜀  x y


   𝜎  x y = 2 G  𝜀  x y = 2 𝜇    𝜀  x y


   𝜀  x y =  1  2 G    𝜎  x y =  1  2 𝜇    𝜎  x y


   𝜀  y y = −


   𝜈 E


   𝜎  x x


  K =   v o l . s t r e s s  v o l . s t r a i n =  P    Δ V V


  M = K +  4 3 𝜇


  M =   l o n g . s t r e s s  l o n g . s t r a i n =    F A    Δ l l


  𝝀 , 𝝁 :


   [     𝜀  x x       𝜀  y y       𝜀  z z       𝜀  x y       𝜀  x z    𝜀  y z ] =  [        1 / E  −  𝜈 / E  −  𝜈 / E   −  𝜈 / E   1 / E  −  𝜈 / E   −  𝜈 / E  −  𝜈 / E   1 / E  0   0      1 /  2 𝜇  0  0   0   1 /  2 𝜇  0   0  0   1 /  2 𝜇 ]  [     𝜎  x x       𝜎  y y       𝜎  z z       𝜎  x y       𝜎  x z    𝜎  y z ]


   [     𝜎  x x       𝜎  y y       𝜎  z z       𝜎  x y       𝜎  x z    𝜎  y z ] =  [       𝜆 + 2 𝜇  𝜆  𝜆   𝜆  𝜆 + 2 𝜇  𝜆   𝜆  𝜆  𝜆 + 2 𝜇  0   0     2 𝜇  0  0   0  2 𝜇  0   0  0  2 𝜇 ]  [     𝜀  x x       𝜀  y y       𝜀  z z       𝜀  x y       𝜀  x z    𝜀  y z ]


  𝜆 ,   𝜇  


   𝜎  x x =  ( 𝜆 + 2 𝜇 )   𝜕 u  𝜕 x + 𝜆   𝜕 v  𝜕 y


   𝜎  x y = 2 𝜇  1 2  (   𝜕 u  𝜕 y +   𝜕 v  𝜕 x ) = 𝜇   𝜕 v  𝜕 x


    ∑ i   F  x , i = m a


   𝜎  x x ( x )


   𝜎  x x ( x + d x )


  d x


  x


  d A


   𝜎  x x ( x )


   𝜎  x x  ( x + d x )


   𝜎  x x  ( x + d x ) d A −  𝜎  x x  ( x ) d A = m  u ¨ =  ( 𝜌 d x d A )  u ¨


   𝜎  x x  ( x + d x ) =  𝜎  x x  ( x ) +   𝜕  𝜎  x x  𝜕 x d x


  𝜌  u ¨ =


    𝜕  𝜎  x x  𝜕 x


  m = 𝜌 V = 𝜌 d x d A


  a =    𝜕 2 u  𝜕  t 2 =  u ¨


  𝜌


   𝜎  x x = ( 𝜆 + 2 𝜇 )   𝜕 u  𝜕 x


  𝜌  u ¨ = 𝜌    𝜕 2 u  𝜕  t 2 = ( 𝜆 + 2 𝜇 )    𝜕 2 u  𝜕  x 2


     𝜕 2 u  𝜕  t 2 =   ( 𝜆 + 2 𝜇 ) 𝜌    𝜕 2 u  𝜕  x 2


  𝛼 =     ( 𝜆 + 2 𝜇 ) 𝜌


   𝜎  x x ( x )


   𝜎  x x ( x + d x )


  d x


  x


  d A


     𝜕 2 u  𝜕  t 2 =  𝛼 2    𝜕 2 u  𝜕  x 2


  u ( x , t ) = A  e  i ( 𝜔 t −  k 𝛼 x )


   k 𝛼


   k 𝛼 =  𝜔 𝛼


  𝜔


   𝜎  x x ( x )


   𝜎  x x ( x + d x )


  d x


  x


  d A


   𝜎  y x ( x )


   𝜎  y x ( x + d x )


  v  ( x )  


   𝜎  x y  ( x + d x ) d A −  𝜎  x y  ( x ) d A = m  v ¨ =  ( 𝜌 d x d A )  v ¨


   𝜎  x y  ( x + d x ) =  𝜎  x y  ( x ) +   𝜕  𝜎  x y  𝜕 x d x


  𝜌  v ¨ =


    𝜕  𝜎  x y  𝜕 x


   𝜎  x y = 𝜇


    𝜕 v  𝜕 x


   𝜎  x y ( x )


   𝜎  x y ( x + d x )


  d x


  x


  y


  d A


  𝜌  v ¨ = 𝜌    𝜕 2 v  𝜕  t 2 = 𝜇    𝜕 2 v  𝜕  x 2


     𝜕 2 v  𝜕  t 2 =  𝜇 𝜌    𝜕 2 v  𝜕  x 2


  β =   𝜇 𝜌


     𝜕 2 v  𝜕  t 2 =  𝛽 2    𝜕 2 v  𝜕  x 2


  v ( x , t ) = B  e  i ( 𝜔 t −  k 𝛽 x )


   k 𝛽 =  𝜔 𝛽


   𝜎  x y ( x )


   𝜎  x y ( x + d x )


  d x


  x


  y


  d A


     𝜕 2 f  𝜕  t 2 =  𝛼 2    𝜕 2 f  𝜕  x 2


   v P = 𝛼 =    𝜆 + 2 𝜇 𝜌


   v S = 𝛽 =   𝜇 𝜌


  f  ( x , t ) = A  e  i ( 𝜔 t −  k 𝛼 x )


     𝜕 2 𝐠  𝜕  t 2 =  𝛽 2    𝜕 2 𝐠  𝜕  x 2


  𝐠  ( x , t ) = 𝐁  e  i ( 𝜔 t −  k 𝛽 x )


      ∑ i   F  x , i = m  u ¨


   v P =    𝜆 + 2 𝜇 𝜌 =    E ( 1 − 𝜈 )  𝜌 ( 1 + 𝜈 ) ( 1 − 2 𝜈 )


   v P =    (   [ Pa ]  [ kg/  m 3 ] )  1 / 2 =    (   [ N/  m 2 ]  [ kg/  m 3 ] )  1 / 2 =    (   [   kg   m 2  m   s 2 ]  [ kg/  m 3 ] )  1 / 2 =    (   [ kg/m  s 2 ]  [ kg/  m 3 ] )  1 / 2


   v P =    (  [   kg  m  s 2 ]  [    m 3  kg ] )  1 / 2 =    (  [    m 2   s 2 ] )  1 / 2 = [ m/s ]


   v S =   𝜇 𝜌 =   E 𝜌  1  2 ( 1 + 𝜈 )


  𝜇 =   s h . s t r e s s  s h . s t r a i n =   a r b i t r a r y ∞ = 0


   v S =   𝜇 𝜌 =   0  1000 kg/  m 3 = 0


   v s  w a t e r


   v S =   𝜇 𝜌 =   E 𝜌  1  2 ( 1 + 𝜈 )


  M = 𝜌    v P 2


  𝜇 = 𝜌    v s 2


  K = 𝜌 (    v P 2 −  4 3    v S 2 )


  𝜈 =      v P 2 − 2    v S 2  2 (    v P 2 −    v S 2 )


   v S ≈ 0 . 6  v P


     v P  f r e s h w a t e r ≈ 1450  m/s


     v P  s a l t w a t e r ≈ 1530  m/s


     v P  a i r ≈ 33 0 m/s  ( speed of sound )


  𝜙 =    V v   V t


   S w =    V w   V v =    V w  𝜙  V t


  𝜃 = 𝜙  S w


  𝜌 =  ( 1 − 𝜙 )  𝜌 r + 𝜃  𝜌 w + 𝜙 ( 1 −  S w )  𝜌 a


  𝜌 ≅  ( 1 − 𝜙 )  𝜌 r + 𝜃


  → 0


   1   v P =  𝜙   v F +   1 − 𝜙   v M


   1   v P =   0 . 3  1 . 45 +   0 . 7 3 = 0 . 207 + 0 . 233 = 0 . 44


   v P =  1  0 . 44 = 2 . 27  km/s = 2270  m/s


   1   v P =    f r   v r +    f w   v w +    f a   v a


   S w =


   1   v P =   0 . 7 3 +   0 . 15  1 . 45 +   0 . 15  0 . 33 = 0 . 79


   v P =  1  0 . 79 = 1 . 2 6 km/s = 1260  m/s


   f r = 1 − 𝜙


   f w = 𝜙


   S w


   f a = 𝜙 ( 1 −  S w )
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