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1. x ray physics

In the recent years there is a growing interest of the fundamental physical research for the x ray physics which is a traditional field of experimental physics having a strong influence in the applied physics and mainly in the medical physics. The x rays are electromagnetic radiation having a large energy for single quantum, i.e., more than 1 keV
; in practice their wavelength is so short that the interactions happen only on electrons of inner shells of the atoms with two typical mechanism, (i) a resonant scattering (the photoelectric effect) in which the electron of an inner shell is removed and becomes free with an energy that is the difference between the energy of the photon and the binding energy of the electron in the shell, (ii) a scattering, having the characteristic of an electromagnetic interaction of a photon on an electron, which can be elastic and coherent, i.e. with an exchange of momentum but not of energy with the electron, or incoherent (Compton) with the transfer of part of the primary photon energy to a secondary photon and of remaining part to the electron.

The x rays have a so small wavelength that effects such as refraction or reflection are negligible; in fact photons of so short wavelength do not see surface between two media, as do for example the light. They can see at the most the regular disposition of the electron orbits of the atoms in a crystal, giving rise to the well known effect of x ray diffraction. These considerations are very important in understanding the image formation with x rays, in fact we are very familiar with images produced by reflection of light but much less familiar with the so called transmission images.

Another simple consideration is about the diffraction limit, this refers to the distance of the two main peaks of two diffraction patterns produced by two contiguous slits, is for the x rays very small. This fact tell us that the resolution of an optical system using x rays could be very good.

Finally few considerations about the transfer of the energy to the crossed material: the x rays transfer part of their energy to an electron which, in its turn, ionise the medium.

In order to built an x ray source we can use the interaction of charge particle or photons with a target. In particular a charge particles in its movement inside the target releases the energy in a great number of collisions with the electrons of the target, whereas the photons transfer their energy in a single interaction producing energetic electrons only in the case of an incoherent interaction with small scattering angle (not very small because in the very small scattering angle range the coherent scattering is dominant). These few considerations shows as the use of the charged particles (and in particular electrons and positrons) is far the more useful choice to built a x ray source. This justify the fact that in the next paragraphs will be discussed more the interactions of charges particles than that of the photons.

1.1. Bremsstrahlung
Focusing our attention on the bremssrtalhung it is easy to note that this effect can be understood also from a classical point of view.  In the development of electromagnetic theory it is established that an accelerated charge loses its energy progressively in the form of electromagnetic radiation, and an important situation arises when an electron is accelerated in the direction parallel to its motion. 




Figure 1 - An high energy electron passing in the coulumbian field of the nucleus is subjected to an acceleration and loose part of its energy emitting electromagnetic radiation 

Let us consider a charge moving in the direction of x axis with an acceleration a and a point P (see figure 1) at a distance r having an angle with the x-axis, it is easy to observe that, in this point, the electric field E lies in the plane x-r and is perpendicular to the magnetic field H
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The outward flow of energy associated with the acceleration is given by the Poynting vector N 
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The sin2 ()  term give rise to the familiar polar diagram for dipole radiation. It is well known that this equation is correct only when the velocity of the charge is small in comparison with c; in our case the primary electrons enter in the target with a very high velocity, in this case the above equation is substituted by the following one:
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Equation 3 shows as the radiation field is strongly forward peaked for relativistic particles, the maximum of the radiated energy in fact moves forward from 900 to smaller angle when the energy of the particle increases. It is possible to demonstrate that for thin target the distribution is characterised by two maximums in forward and backward directions being for relativistic particle that in backward direction very small. Also for electron opaque targets the distribution is similar, this  is the reason of the fact that in a x ray tube the anode surface is positioned at an angle of about 45°.



Figure 2 - Plot of v/c vs. electron energy in the energy range of interest for x ray imaging.

Anyway, the electrons impinging on the target are characterised by a quasi-relativistic velocity (see figure 2), consequently the emitted radiation is forward peaked, as shown by figure 4. In the case of an electron entering in a thick target there is a progressive decrease of velocity that make the emitted radiation less forward peaked, from figure 3 one can observe that the shift of the maximum for 80 keV electrons is about 200 (from 400 to 600). In particular, the position of this maximum depends from some parameters, such as the energy of the electrons and the atomic number of the target. The manufacturer calculate the angle of the maximum emission by the target, that is usually is given using a 900 angle as zero.

Integrating the equation 3 over all angles we obtain the total intensity as a function of the acceleration
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that is, for a single charge, the Larmor formula.

The Larmor formula is valid for a charge with a therefore, if we pass from the reference system of the nucleus (S) to that of the electron (S'), it can be used for calculating the energy irradiated by the electron during its interaction with the nucleus. In this case the electron is at rest at time zero and its velocity remain small, in comparison with c, during the interaction with the nucleus. Therefore, the acceleration to which is subjected the electron in S' is:
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Where Z is the atomic number of the target and  is the relativistic factor for which the electric force must be multiplied in the passage between S and S'. The energy emitted in the system S', during the collision with the interaction parameters b is given by:
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   Where 

  is the classical radius of the electron and b, as shown in figure 4, is the impact parameter. It is worth to note that a interaction with a small impact parameter give rise to photons in the high energies part of the spectrum, whereas a weak collision, i.e. a large impact parameter, give rise to photons in the lower part of the spectrum.



Figure 3 - Energy flow vs. the angle for relativistic electrons; the position of the maximum shift toward lower angle with the increase of  the electron energy (and of the  of the particle).




The impact parameter is related to the time in which the electron is subjected to the acceleration a during its passage across the field produced by the nucleus. In particular, to the minimum value for b correspond the smallest crossing time (t in S and t' in S') and the larger energy of the emitted photon.
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Looking at the problem from a classical point of view it is evident that in the time domain the force acts for a very short time, therefore the Fourier transform of this pulse is a frequency spectrum practically white, as shown in fig 5.

Assuming a white spectrum it is possible to calculate the energy emitted at a frequency  by an electron crossing the nucleus field with a impact parameter b
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Figure 5 - The Fourier transform of a very short pulse is a constant in the frequency domain.

Entering in the target per unit path (dx) the electron is subjected to 2nbdbdx interactions with a impact parameters between b and b+db, being n the number of atoms for unit volume. Integrating equation for the impact parameters it is possible to show that:
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 This equation shows as the energy irradiated for unit path, in a spectral window around E', by an electron crossing a thin target with a atomic number Z is constant, if the logarithmic term is neglected. In the logarithmic term appear the maximum and the minimum impact parameter values which obviously depend by the particle energy. 

The energy irradiated at a given energy corresponds to a number of photon N(E,E') that can be easily calculated 
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Making realistic hypotheses on the values of b in the interaction and integrating the equation 9 on the emitted spectrum one obtain the total energy irradiated per unit path
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for an electron 

                                              (11’)

  Being m the mass of an electron and M the mass of incident particle it is evident that the energy radiated by a proton or by heavy particles is much lower than that of a electron. In practice, the construction of x ray sources using particles having masses larger than that of the electron or the positron is not advantageous, because the irradiated energy is very reduced. It is worth to note that the equation 11 can be calculated also treating the problem with quantum mechanics.

The high energy electrons entering in a thick target are subjected to progressive reduction of their velocity; the above equations do not take into account this effect. In order to calculate the spectrum emitted in a thick target the equation 10 must be integrated over the target thickness taking into account the progressive reduction of the electron energy. In the low energy region, that is typical of the x ray tubes, i.e. less than 150 keV the dominant interaction is the ionisation by collision of primary electrons with those of the atomic shells in the target; therefore the loss of energy of the primary electrons is well described by the Bethe-Bloch equation in which the logarithmic term can be neglected
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Figure 6 - Formation process of bremsstrahlung spectrum emitted by a thick target: photons with energy E3 can be emitted only in first three layers of the target.

It is obvious that only in a superficial layer of the target the energy of the primary electrons is larger than E, therefore only in this layer photons with the energy E may be emitted. What happens is that in the inner portions of the target the spectrum of the irradiated photon become progressively more narrow. Therefore, to obtain the number of photons emitted by a thick target at a given energy E it is necessary to integrate over the target thickness the equation 10 taking as the upper limit that thickness for which the primary electrons energy become equal to E. This can be easily performed changing the integration variable using equation 12
, doing the integral between the initial energy of the electrons (E0 ) and  energy E.
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The above equation show as in a thick target the number of photon in the spectrum decreases linearly with the energy, being equal to zero for energy above the primary electron energy. Figure 6 depicts this process in which the emitted bremsstrahlung spectrum is the sum of the contributions coming from each layer. The strong dependence of the bremsstrahlung radiation from the atomic number of the target is shown also by the equation 13; in fact it is forecast a linear dependence of the total emission by Z which is also experimentally verified.

1.2. The ionisation and the production of the characteristic x ray lines
The second kind of interaction, i.e. the ionisation process, is a electron-electron scattering that remove one electron from a atom of the target and, with the re-equilibrium of the atom, give rice to the production of the characteristic x ray lines of the elements constituting the anode. This interaction is well described in the energy interval below 150 keV by the well known Bethe-Bloch relation (see equation 12). This interaction is dominant in the energy region of interest for the radiological imaging in fact
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unfortunately the production of the high energy lines is limited because most of the interactions happen with outer shell electrons, giving rise to the production of low energy photons which are absorbed by the target itself. 

To give an  example it is possible to discuss the very common case of a tungsten anode, in which  the following x ray line will appear in the spectrum emitted by the tube:

Binding energies of the electrons in the tungsten atomic shells

	K
	LI
	LII
	LIII
	MI
	MII
	MIII
	MIV
	MV

	69.525
	12.1
	11.544
	10.207
	2.82
	2.575
	2.281
	1.949
	1.809


X ray lines emitted by a Tungsten target

	K
	K
	K
	K
	L
	L
	L
	L
	L

	69.09
	67.20
	59.31
	57.97
	11.28
	9.96
	9.67
	8.40
	8.333


It is obvious that whenever the electron energy do not exceed the binding energy of a shell (see the first table above) the electrons belonging to this shell cant be extract, therefore the corresponding emission will not appear in the spectrum. In particular, only electrons with an energy larger than ~ 70 keV can produce the high energy photons of the K's lines and only in a superficial layer of the target. In fact, as stressed above, the electrons entering in the target loose quickly energy. In the case of lower Z target, as is the case of Copper and Molybdenum, the intensity of the characteristic line is greater in comparison to emission due to the bremsstrahlung because the ionisation contribution comes from a thicker superficial layer and the self absorption is lower.

2. x ray sources

2.1. The X ray Tube

One of the early applications of the x rays, in the first months after their discover by, was the production of radiographic images. The most interesting feature of these image resides in the possibility to see inner parts of the imaged objects. Many of us remember the first radiograph the image of the hand of the Röentgen's wife with the ring.

At that time the instrumentation in use consisted of a Crooks tube (the father of the modern x ray tube) and  a photographic film. These two devices are still in use in the modern x ray imaging.

An x ray tube is an high voltage vacuum tube fig.7 with an anode and a cathode; the electron are strongly accelerated from the cathode to the anode impinging on the latter with a kinetic energy of thousand electron-volt (eV), being accelerated in the vacuum by a strong electric field produced by a V of  tenths of KV.
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Where m is the electron mass; the electron impinging on the anode can be considered as monochromatic being their velocity at the start from the cathode negligible.

As said above entering in the anode the primary electrons give rice mainly to three types of  interactions the scattering with the electrons of the target (ionisation), the Rutherford scattering due to the coulumbian field of nuclei and the emission of photons during the deceleration of the primary electrons in the target (bremsstrahlung). There are other interactions but, for an electron (i.e. a charged particles characterised by a very large charge over mass ratio), their probabilities are  very small.




Figure 7 - Scheme of the process of x ray production in a x ray tube.

As a consequence of above mentioned interactions the x ray spectrum produced is not monoenergetic, showing the characteristic shape of figure 8. The most prominent features of the spectrum are the presence of a maximum and of a high energy limit; also the presence of the characteristic x ray lines of the target should be noted. This high energy limit (known as the Duane-Hunt limit) is determined by  the applied voltage, and is a direct consequence of the quantum nature of electromagnetic radiation, i.e., no photon can be emitted with an energy greater than that of the primary electrons. The maximum is related to the strong absorption of the low energy photons by the tube window (and by the filters).

The bremsstrahlung spectrum is well described by the Kramers equation apart for the contribution of the filters

N(E) = k Z (E0 - E)   where E0 = V                                           (16)

where N(E) is the number of emitted photons in the spectral window around E.

2.2. Others x ray sources
There are others less common x ray sources such as the radioisotopic x ray sources emitting x ray lines or a continuous spectrum due to the bremsstrahlung of emitted charge particles in the matrix itself. The advantages in using a radioisitopic source are in the: a) extreme stability; b) the possibility to have high energy photons; c) the good monochromaticity of some source. The disadvantages are in the low intensity and the large emitting area. These sources are used for radiographic studies of  large absorbing objects (-graphie), but are not alternative to the tube in the low and intermediate energy interval; a very common practical use of the radioisotopic sources is in the calibration of the instrumentation.



Figure 8 - X ray emission spectra of a tube with a Tungsten anode, a 3 mm Al filter and four different values of voltage.

For the x ray imaging are now available small and large particle accelerators as linear accelerator and synchrotrons. Particular interest is actually devoted to the synchrotron light that is a source of x rays of very interesting  characteristics.  As in the x ray tube the radiation is emitted during the acceleration of the electrons, in this case in the bending magnets of the accelerating machine. If E is the energy of the electrons, expressed in GeV, and R is the radius of curvature of the electron orbit, a stationary observer will receive a pulse of electromagnetic radiation at each revolution of the electron. The electron will radiate for a time of 

, this pulse, passing from the system moving with the electron to that of the laboratory, becomes shorter by a factor of 1/
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The pulses will recur with a frequency of the order 

  and so the radiation will consist of a fundamental at this frequency and a series of harmonics up to a limit of the order
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That is the critical frequency, which divides the spectrum into halves. This radiation is strongly forward directed due to the relativistic velocity of the electrons, in the plane of the electron orbit the divergence of the beam is 1/ that in the case of a 1.5 GeV synchrotron is 0.3 mradians. The harmonics are so closely spaced that the spectrum appears as continuous with a characteristic shape.

               

                (19)

where I is the storage ring current; G is a function having a maximum equal to one at the critical frequency c .

The synchrotron radiation is polarised in the plane of the electron orbit and is elliptically polarised out of this plane.

The filtering of a x ray coloured spectrum and the production of quasi-monochromatic radiation

The emission spectrum of the most common x ray sources are coloured, this is in some cases an advantage but in others is a limitation and sometime a real disadvantage. The monochromatisation of these spectra can be obtained in two ways: a) selection of a particular range of the spectrum; a) conversion in a monochromatic spectrum. The first way is far the most common and practical.

In order to select a region of the spectrum it is possible to use a crystal monochromator or insert filters, as will show below. The advantage to use a crystal monochromator is in the possibility to select a very narrow band of the spectrum, that to use filters is in the lower reduction of the primary beam intensity.



Figure 9 - Effect of  aluminium filters of  increasing thickness on the bremsstrahlung spectra produced by an x ray tube supplied with a voltage of 50 KV.

The action of a single low Z filter on the spectrum of an x ray tube
 is analogous to that of a low pass filter, i.e., it cut the lower energy part of the spectrum. In particular, in the case of a x ray tube we can speak of an inherent filtration which is due to the window of the vacuum tube. Using higher Z filters or filters with greater thickness it is possible to shift the energy cut toward higher energy; this have as consequence a reduction of the total beam intensity. 

The absorption of the photons by the filter depends by the material constituting it; using an element of higher atomic number (or a more thick filter) the energy of the maximum of the tube spectrum will be shifted toward higher energies.

The absorption in a particular spectral window around E is given by the well known relation:
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where  and  

 are the linear attenuation coefficient (cm-1) and the mass absorption coefficient respectively (cm2/g), x is the thickness of the filter and m=x is its the mass for unit surface (g/cm2). The mass absorption coefficient for the elements can be considered as the sum of three terms:

(

) = (

)inch + (

)coh + (

)ph                                           (21)

where (

)ph  is the photoelectric mass absorption coefficient, (

)inch is the incoherent scattering (Compton) mass absorption coefficient and (

)coh is the coherent scattering mass absorption coefficient. In figure 9 is shown the effect of filtration (with Al) on the spectra emitted by an x ray tube supplied with a voltage of 50 KV.

The photoelectric mass absorption coefficient (

)ph is quickly decreasing function of energy (E-3.24 ); this interaction is dominant in the energy range of the binding energies of the inner electrons of the atoms, that is the energy interval of interest for the x ray imaging. This coefficient is also characterised by sudden jumps that correspond to the binding energies of the electrons, for example in the case of the electrons in the K-shell one speak of the K-edge. This fact can be easily explained taking into account that the probability of a photoelectric interaction become immediately bigger when the photons have energy enough to extract the electrons of an additional inner orbit.






Figure 10 - Set-up for the production of monochromatic radiation with an x ray tube.

Therefore using as filter the correct element it is possible to place K-edge, and the energy cut, in the wanted energy region; in addition using two filter it is possible to select a narrow band of the spectrum between the K-edge of the two elements employed. In this case the spectrum emitted by the x ray tube is quasimonochromatic.

In the case of lower energy photons, for example the light, it is possible to convert about totally the white radiation of a source in a monochromatic radiation, so realising a source emitting only few lines. It is  possible to do this  also in the case of x rays, even if it is not so common because it is possible to obtain a very low flux of radiation. To convert the photon of the spectrum in a monochromatic radiation it is possible to use a secondary target, see figure 10, in which the impinging  photons interact with the target atoms and produces a secondary fluorescence beam. Unfortunately only some of the interactions, that due to the photoelectric effect, give rise to this secondary fluorescence flux, whereas in the others photon of different energy are produced. 

2.3. X ray sources geometries.

If the emitting surface of an x ray source is very small in comparison to the illuminated field it is possible to approximate the source as a point source; in this case the rays are not parallel and so the beam assumes the characteristic shape of a fan. Looking at a point source from a big distance the subtended solid angle is small, therefore the rays are practically parallel (see figure 11); to be in this condition the illuminated area must be very small in comparison with the source-object distance. 




Figure 11 - The layout of a point source and the characteristic fan shaped beam.

A very important characteristic of source is its divergence: the divergence of a source is given by the solid angle in which the photon are emitted. A source characterised by a small divergence produce a more intense beam
 but it is necessary to put the source far in order to illuminate a big frame. The intensity of a source is so defined as the energy emitted by the source in the unit time and solid angle.

Sometimes the surface of a source is small but not so small to be considered a point (see figure 12); this is the case of an extended source. In order to characterise an extended source it is necessary to use the fluence, that is the number of photon for unit source area (or the fluence rate that is the number of photons for unit time and unit source area). For an extended source it is necessary taken into account the uniformity of the source, in fact the fluence can change between different points of the source surface.  If the source emitting area is so big that the illuminated field is small, the beam can be considered as a parallel beam, for example in the case of very small object using an extended source it is possible to obtain a parallel beam.

To measure the emission of an extended source it is necessary to define the brilliance that is the fluence rate per unit solid angle. In order to understand the difference between an x ray tube and a synchrotron light source it is necessary to measure the brilliance of these two sources. The difference is in the small divergence of the synchrotron light source that make the brilliance of this source very high,; an x ray tube, in fact, is able to produce very high fluence rates, similar to that of a synchrotron light source, but the radiation spreads in a very large solid angle. To quantify this concept: an x ray tube can produce easily a fluence rate of 1012 photons/s-mm2 (emitted also in a small area), but its brilliance is of the order of 106 - 107 photons/s-mm2-milliradiants in a bandwidth of 0.1%, because the cone of emission (the divergence) is large; a synchrotron light source is characterised by  very high fluence rates (1016 - 1018 photons/s-mm2) but also by high brilliance, because, as said above, the emitting cone is 1/ that for 3 GeV electron synchrotron means a values of 1/6000 equal to ~0.1 milliradians.




Figure 12 - Beam produced by an extended source and the beam divergence.

An x ray tube can be considered in general a point source, being its emitting area of the order of few mm2, that become in the case of microfocus less the 0.5 mm2; therefore, if a large solid angle is used the beam has the typical shape of a fan. Positioning a collimator in front to a x ray tube, but in general in front to a source, it is possible to select a smaller a solid angle, unfortunately the source become not completely uniform because near the margins of the emitting cone the intensity of the beam is lower. This last effect is negligible if the collimator exiting hole is much larger than the emitting area of the source. 
	Photometric quantities for x rays

	Quantity
	Unit
	Definition

	Energy flux
	watt
	energy emitted by the source per unit time

	Particles flux
	photons/s
	number of photons emitted per unit time

	Intensity
	photons/steradian
	photons emitted per unit time and solid angle

	Fluence
	photon/mm2 or photons/cm2
	photons emitted per unit source area

	Fluence rate
	photon/s-mm2 or photons/s-cm2
	photons emitted per unit time and source area

	Brilliance
	photons/s-mm2-steradian
	photons emitted per unit time, source area and solid angle


3. General Concepts on the X ray imaging

The basic assumption that one make in production of an image using the x ray is that the photon pass trough the imaged object following rectilinear paths. This means that the refractive index for the x rays is practically one, that is reasonably true in a first approximation. In addition, we assume that traversing the imaged object only a fraction of the impinging photons are absorbed and the removal of the photons from the beam traversing the object is only due to the interactions with the atoms (or to be more precise with the electrons) of the crossed medium. Under this conditions the probability of an interaction per unit length (the linear absorption coefficient, is constant 
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being  dx  the probability of an interaction in the path dx, if the crossed sample in homogeneous we can integrate and write the well known absorption equation: 







Figure 13 - A good geometry is that in which the scattered radiation is not detected.

The absorption law can be experimentally verified only when a good geometry is used, in fact if a detector and a source are placed one in front to the others and a object is interposed the detected photons comes not only directly by the source but also by the scattering processed inside the object.

In order to obtain the condition of good geometry (see figure 13) two collimators with small entrance holes must be used (one in front to the source and the other in front to the detector).

3.1. Optimising the primary beam energy.

The  mass absorption coefficient depends by the target elemental composition and by the energy of the incident photons. As said before this coefficient can be divided in three parts which are related to the major interactions that take place during the passage of a photon beam of energy less then 100 KeV through a sample (see figure 14). That interactions are the photoelectric, Compton (or incoherent) and Rayleigh (or coherent) scattering. There are simple approximations of the mass absorption coefficient for low Z matrices (tissues)
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where KN(E) is the Klein-Nishina cross section and  is the effective atomic number of the sample (Rutherford ed. al.. 1975). These formula shows as the dependence from energy and atomic number of the photoelectric part is very strong (3.24 and 4.62 respectively) in comparison to that of coherent and incoherent; therefore the fall of this term is more rapid than that of the other two. In this sense we can speak about one energy range in which the photoelectric scattering is dominant and an energy range, at higher energy, in which the incoherent scattering is dominant

When we study the absorption by a sample of a polychromatic photon beam we should take into account the changes with energy of the mass absorption coefficients. The response function of an absorptiometric technique is the integral on the source spectrum of the absorption relation shown above
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It is not easy to visualise the effect of the polichromaticity of primary radiation; therefore it is considered an acceptable simplification to represent the primary beam with an effective energy, for example the mean energy:

     

                                                   (33)

For example the effective energy of the spectrum shown in figure 13 is ~32 keV. The use of an effective energy simplify the formalism, but don't underline adequately the effect of the beam hardening which is the shift toward higher energy of the spectrum exiting by a sample in comparison to that in input. In order to correct for the influence of this effect we should use an energy dispersive detector (such as a solid state detector), but this is in practice impossible in the x ray imaging. It is useful to remark that the influence of this effect is very strong if we attempt to correlate absorption measurements made on samples with large changes in composition.



Figure 14 - Linear absorption coefficients of different tissues as a function of the energy. The emission spectrum of an x ray tube (50 KV, 1 mm Al filter ) is superimposed in order to show the influence of the polichromaticity of the primary radiation on the absorption.

One useful concept to use is that of Mean Free Path of the radiation in a target. In the case of x rays the MFP is the length of the mean path carried out by a photon of a given energy in a given medium before interacting. It can be easily calculated remember the definition of mean in the case of a continuous variable and taking into account that the density distribution of the probability of a photon in a target is given by the absorption law
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It is useful to note that an object of thickness 

 reduce the beam intensity to the  ~36% of the initial intensity, i.e. decreases of a factor e-1. 



Figure 15 - Mean Free Path of photons in the three standard tissues. Energies below 20 keV can be used only for small thickness objects.

In figure 15 are shown the MFP for the three standard tissue in the energy range below 100 keV; it is evident that, considering also the typical size of a human body the photon energies that can be used in the medical x ray imaging are that in the interval between 20 -70 keV. In fact it can be demonstrated that, in order to optimise the response function of the absorptiometry the thickness of the object must be two time the MFP. 



Figure 16 - Mean Free path for typical materials used in the production of ancient artefacts.

To more clearly show how important is the concept of MFP in figure 16 are shown the MFP for some typical materials used in ancient artefacts. It is possible to see that in the case of a metal object energies below 40 keV can be used only for object having a thickness less than 1 mm.

A very simple way to produce an x ray image is to perform a single projection obtaining a linear projection or an area projection (figure 16).




Figure 17 - With a point source a point of the object corresponds to a single point of the detector, with an extended source b) the same point correspond to a small area (penumbra).

3.2. The process of formation of a radiographic image.

When the source is extended one problem in the image formation process is the penumbra; in fact, as clearly shown in figure 17 b, the projection of a point placed at a distance h' between the source and the detector (film) has a diameter  given by:
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Obviously the penumbra disappears when a very thin object is placed on the detector (film); unfortunately this approximation seldom can be applied in the case of medical radiography. An object imaged with a fan beam geometry is magnified h'/h times, this occur also in the tomographic techniques using fan beam. The use of a parallel beam can be done only using well collimated position sensitive detectors, in fact, the image produced with a parallel beam without collimator is completely degraded by the presence of the transverse rays (any point in a extended source can be seen as a point source). In tomography parallel beam geometry are in use (with a narrow collimation of the detectors), whereas in radiography this case is very rare.

In the case of a single projection (see figure 18) the process of  formation of the image of a three dimensional object, using a point source, can be model as follow. Let (x,y,z,E) be the linear attenuation coefficient of a point of the object, let N(x,y) be the number of photons impinging on a point of the detector surface. Therefore, N(x,y) is given by 
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In the above equation the integral is along the x ray path 

(see figure 18). At the end of the image formation process we obtain a two dimensional representation, N(x,y), of a three dimensional object, (x,y,z), this means that we have lost something. In particular, the integral along the line imply that we lose the information about the changes of    along the path 

. Anyway, the response function of a radiographic system can be written in a first approximation as:

          

                                                    (30)

In the above equation we make the assumption that 

 is the path length inside the object and 

 is the mean absorption coefficient along the ray path.




Figure 18 - A ray coming from the source define a path inside the sample.

Unfortunately with a single projection we are not able to discriminate a variation due to a change in thickness or in density from another one due to change of mass absorption coefficient. In fact a variation of density can mask a variation in thickness and composition and vice versa. This is a severe restriction for the single projection radiography, only the advent of the tomographic techniques have partially removed these limitations.

3.3. The Response Function  of  the Absorptiometry. 

When we look at a radiographic image, that is a distribution in the  x,y of the luminosity, some questions instinctively arise: (i) how I can define the minimum detectable luminosity variation, (ii) what is the luminosity threshold, i.e.. the minimum detectable signal, (iii) how is possible measure the spatial resolution, etc.

To start with the answers we should define what we measure; in the case of a radiographic film the measured quantity is the optical density, in that of  a image intensifier-TV systems the a voltage, etc., but it is self evident that in any case the physical quantities that we measure is  the intensity distribution (or the number of incident photons for each detector element or unit surface of the detector).  To approach the not easy argument of the detectability of one defect in an image we must fix the limits of our considerations. We are interested to the detectability in a physical sense, therefore we will not speak about the ability of our eye to detect a particular defect in an image.

In order to fix some concepts it is useful to study the response function of an absorptiometric device, as a function of photon energy, sample thickness and composition. The extrapolation from a single point system to a system using an area detector or a position sensitive detector is straightforward. Obviously this is true for an ideal device, but not for a real one in which, passing from a well collimated single source-detector device to a multiple detector (or area detector system), many problems like the contribution of the scattering or the cross-talk between the detector elements can became very important. In our discussion we will neglect all these aspects assuming that the detector can be subdivided in single independent elements (pixels); so the number of detected counts in a pixel, such as the number of photon emitted by the source (N0), are random variable that follow a Poisson statistic. 

3.3.1. The response function for a single point detector

Let the beam be parallel in order to simply the formalism, and let start with the case of an uniform sample. so it is possible to measure the linear absorption coefficient of the sample knowing its thickness (L) (conversely knowing its mass for unit surface, we can calculated its mass absorption coefficient). If we use two sample of the same thickness with a different we detect in a given time N counts from the first and N’ from the second.  Therefore, we can be interested to know what is the smallest variation of detected counts (N = N’ - N) that we can appreciate. The answer is immediate if we follow a simple statistical approach, in fact the number of counts N’ can be considered different from N only if

                               

                                                      (31)

Where 2(N) is the variance of N and  b (= 1,2,3) can be fixed according to an acceptable uncertainty level. It is well know that the detected counts follow a Poisson density distribution, therefore a good estimation of their variance is N. Therefore, the equation 31 can be rewritten

 

                             (31')

Let measure the linear absorption coefficient of a uniform sample, in this case the sensitivity of our measuring system is:

      

                                                                    (32)

where L is the object thickness and N are the detected counts. The minimum variation of that we can detect is so given by:

       

                                                (33)

where N0 is the number of incident photons on the object surface, thus the minimum detectable  depends from the object size (L) and the square root of N0.

In order to know the length of the sample that allow to detect the smallest one must find the minimum of the equation 33). This can be easily done




arriving to the conclusion that the optimal sample thickness is a function of the sample linear absorption coefficient



                                                              (34)

The equation above shows as the optimal sample length is a function of the absorption, or, remember the definition of mean free path, is two times the MFP of the radiation in the sample that correspond to an attenuation of the beam of  the 86 % passing through the sample.

3.3.2. The response function of a position sensitive detector

In order to discuss the response function of a position sensitive detector (or an area detector).  let now take into account the case of  small cube of side dl inside of an uniform sample (see figure 19).  In figure 19 is shown the result we can obtain with a single linear projection of the cube. The contrast is the difference N = N’ - N  between the counts detected in two detector pixels one corresponding to the defect (N’) and the other not corresponding (N) and  the ratio 

 is the contrast ratio. Observing the detected profile you can note that the counts N(x) don't go down immediately when the edge is reached, this is due to the limited resolution of our measuring system. It is easy to hypothesise that with a poor contrast would be impossible to detect this edge.




Figure 19 -A defect of thickness dl having a lower absorption of that of the surrounding medium produces a change in the number of photons crossing the object.

The minimum detectable contrast min , taking dl and L constants, is:



                                                 (35)

         It is easy to show that using the absorption law the contrast can be also written as:

   

                                         (36)

being 


where is the difference between the linear absorption coefficients of the defect ' and of the sample.  is the absorption coefficient of the object and  

Therefore measuring  by the contrast the sensitivity is:

       

                                                  (37)

it depends directly from the defect size dl and from the detected counts. 

Finally the minimum detectable min is



                                                         (38)

It is worth to note that the sensitivity the minimum detectable N and  depend all by L, because N is a decreasing function of the sample thickness. This mean in particular that the possibility to detect a defect depends by the object size. To partially overcome this limitation one can use the tomography because passing through the defect by many directions one can eliminate the influence of L on the minimum detectable In tomography the quantity that is reconstructed is the map of linear absorption coefficients (x,y) the equation 38 is still valid if we consider that in the a tomographic scan we perform m measurements thus the average number of counts detected in the rays crossing a single pixel is 

. Substituting in the equation 38 N with the total number of detected photons in the scan





 EMBED Equation.2  
                                                                       (39)

This relation is very similar, apart the terms depending from the reconstruction algorithm, to that deducted by many authors. Tomography is characterised by lower min values because each scan is composed of m independent measurements, so the statistical precision better. In particular the difference between equation 38 and 39 is a factor 

 this shows as the increment of the radiographic contrast is a function of the number of projections.

From equations 38 and 39 one can observe that there is an inverse relation between min  and dl; therefore, if the defect is big can be detected lower change of . Moreover, there is a value of dl for which the min is minimum using equation 38 we can deduct that



                                                                 (40

where dl is the length of the smallest object one can detect. There is hence an inverse relation between minimum variation of  it is possible to detect (the physical contrast of the system) and the smallest object we can see (the lowest obtainable resolution). Therefore, to detect smaller defects we should increase the contrast, for example increasing the statistic or increasing the , choosing an energy in which the  jump is maximum. These are the basis for a optimisation of a radiographic exam.

From the above equations one can deducts that increasing the measuring (exposure) time it is possible, for example, decrease the minimum detectable at will. Obviously this is not true, because in the detection system there is a background and the scatter contribution to the detected counts cant be neglected. In particular, there are two limits on the counting rate one can detect in each detector element: the first is the background counting rate that is mainly dependent by the detection of scatter and by the cross-talking between pixels; the second is the saturation counting rate that is related to the detector limited ability to count high fluences of photons impinging on it (there is the concept of dead time that give a rationale for this effect). The above equations are therefore valid only when the detected counting rates are in the interval between the background counting rate and the saturation counting rate.

In this paragraph it was shown as with the use to the response function of an absorptiometric system it is possible to find the optimal working conditions, for example in order to minimise the minimum detectable contrast. It is necessary underline that some of these parameters can't be changed in regular medical systems, such as the path length of the beam inside the patient that is given by the body size. This is not true in general because the recent attempt to develop microradiographic and microtomographic techniques show what are the potentialities of the absorptiometric techniques when you can optimise simultaneously all the parameters. The procedure to find the optimal parameters set it is very easy in the case of a single energy system but can be more cumbersome for dual energy absorptiometers or for CT systems. The most interesting part of these studies is, usually, the optimisation of the primary(-ies) beam energy.




�The upper limit cannot be easily defined, anyway above 100 keV it is more convenient speak about  rays, which are the photons produced in mechanism involving the nucleus (to me this definition is same cases ambiguous)


�In equation 13 the logarithmic terms appearing in the Bethe-Bloch equation and in the equation 10 are omitted.


�Similar consideration can be draw for the spectrum of a synchrotron radiation source.


�In the table are summarized the definition of the photometric quantities.
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